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`ean 1
-pl ozipy itke ,miiteq mihwiiae`a wqery dwihnzna megzd `id dwixehpianew
.dxcbdl miheyt `l eizeleaby xzeia agx megz lr xaecn efd dnenrd dxcbddn yg
-xnep` dwixehpianew) dxitq zeira :miixwir minegz ipya weqrp dfd qxewa

.mitxbd zxezl `eane ,(ziaih
ziteq dveaw ly idylk dxcbd ozpida :d`ad dxevdn zeira od dxitq zeira

zeniiw zeixyt` miici dnk ,dnbecl ?dveawa yi mihwiiae` dnk ,mihwiiae` ly
miniiw miixyt` miza iakxd dnk ?ehela yi zeixyt` ze`vez dnk ?'bcixa wgyna

.dnecke ?hngy wgyna gell yi miixyt` miavn dnk ?lqxeck xipxeha
n xhnxt zervn`a zxcbeny mihwiiae` zveaw lr zegqepn zel`yd aexl
-irah mixtqn ly mekqk n xtqnd z` bivdl xyt` mikxc dnka ,lynl .edylk
?miyleynl zerlv n lra llkeyn rlevn wlgl ozip mikxc dnka ?epnn miphw mi
wlgl (ailrdl mivex in z` ielz) zlalean dxikfn/laean xeec leki mikxc dnka

?ecril ribi `l cg` s`y jk miazkn n
gezip `ed xzeia uetpd xywddyk ,aygnd ircna irah ote`a zevv el`k zel`y
icrv xtqn z` oiadl icka od dvegp dwixehpianewd my ,minzixebl` ly zeikeaiq
.ccenzdl dqpn `ed ezi`y mihlwd agxn lceb z` ode rvan mzixebl`dy dvixd
ly dpad ;miizexazqd minzixebl`e zeizexazqd zeira `ed xg` aeyg xywd
ze`vezd zenk ly ixehpianew gezip aexl zyxec miieqn rxe`n ly zexazqdd
zenk ly dpad zyxec ehela dikfl zexazqdd zrici ,lynl) llka zeixyt`d

.(ehela zeixyt`d ze`vezd
ly dxwnae ,wiecn xtqn oaenk `ed zixehpianew diral xzeia aehd oexztd
zeveawd-izz xtqn ,lynl - n-a dielzy dheyt dgqep ,n xhnxta dielzy dira
ozipy zeirad zeaxy "dily`" xveeiz df qxewa .2n weica `ed n lcebn dveaw ly
;el`k eidi ok` qxewa bivpy zeiradn zeax oky ,efky zwiiecn dgqep odl `evnl
dppi` mb zeaexw mizrle ,daxda dxicp `id efky dxebq dgqep izin`d mlera
edylk ihehtniq` aexiw ;oexztd ly lcebd xcqa `ed oiiprd xwir .cgeina dliren
mdy ,el` mipiipra llka rbip `l df qxewa ,cala `eana miwqer ep`y oeeikn .eil`

.ziaihxnep`d dwixehpianewd ly dal al

2



miixhpnl` milewiy zervn`a heyt xebq oexzt odl `evnl lw `ly zeira xear
dlkdd oexwr - dirad mr zeccenzd mixyt`ny xzei miwfgd milkdn zvwn cnlp
ly mepiad lr xacp ok enk .zexvei zeivwpete opexzte dbiqp ze`gqep ,dcxtdde
mixeywd miiqiqa miihnzn mibyen mdy ,mipeid jaey oexwre lwqt yleyn ,oeheip

.dwixehpianewd zxbqna `ed mpiadl xzeia daehd jxcdy dxitql
ly sqe` - aygnd ircna ifkxnd ile` `edy hwiiae`a zwqer mitxbd zxez

milcnn mitxb .("zezyw" ici lr) el`l el` mixaegn mwlgy ("miznv") mixai`
miip`ilea milbrna lgd - aygnd ircna mibyene zeira xetqpi`

I wlg

ziaihxnep` dwixehpianew
miiqiqa dxitq zepexwr 2

-xwrd - ziaihxnep` dwixehpianew ly miiqiqad "dceard ilk" z` bivp df wxta
ly zepexzte ,zixehpianew dira lk hrnk oexzta epze` miynyny migpnd zepe
zeakxen zeira oexztl oiipad oa` xeza aexl oda miynzyny zeiceqi zeira dnk

.xzei
ziteq dveaw dpezp :ef `id zixehpianew dxitq ziira ,zilnxet zihnzn oeyla

.A-a mixai`d xtqn - |A| edn `evnl mipiipern ep`e A

ltkd oexwre xeaigd oexwr 2.1

.rahn lihdl e` dlibx diaew lihdl e` exeza leki owgyd edylk iefd gel wgyna
?opyi zeixyt` ze`vez dnk

zlhdl zeixyt` ze`vez 2-e ,diaewd zlhdl zeixyt` ze`vez 6 opyi df dxwna
.zeixyt` ze`vez 6 + 2 = 8 yi lkd jqa okle ,rahnd

?hngyd wgyna oall yi miiweg dgizt ikldn dnk
-yxtdn cg` lke ,dnicw micrv ipy e` crv repl leki oald ly ilbx lk df dxwna
8 + 8 + 2 + 2 = 20 yi lkd jqa .dnicw miixyt` micrv ipyn cg` repl leki mi

.miixyt` dgizt ikldn
dnk jezn dxiga eprvia mixwnd lka ?lirly ze`nbecl szeynd oexwrd dn
8) cg` crv ilbx mififny e` - e` beqn `id dxigadyk ,mipey zeiexyt` "ibeq"
ipnid yxtd z` mififny e` ,(zeiexyt` 8) micrv ipy ilbx mififny e` (zeiexyt`
oexwr ly ihxt dxwn edf .(zeiexyt` 2) il`nyd yxtd z` mififny e` (zeiexyt` 2)

:xeaigd

n2-e cg` beqn dxiga rval zeiexyt` n1 zeniiw m` (xeaigd oexwr) 2.1 dprh
beqn dxiga rval zeiexyt` n1 + n2 zeniiw f` ,ipy beqn dxiga rval zeiexyt`

.ipyd beqdn e` cg`
|A ∪B| = |A|+ |B| f` zexf zeveaw izy od A,B m` ,ilnxet ihnzn geqipa

didy dyrn) 'bcixae hngy oian cg` hxetq qxew xhqnqa zgwl jixv hpcehq
?el yi dxiga zeiexyt` dnk .dinike dwifit oian cg` ircn qxewe ,(oeipkha zn`a
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ly ixyt` bef lke ircn qxewl zexiga 2-e hxetq qxewl zexiga 2 yi hpcehql
:zeiexyt` 4 ok m` opyi .iweg `ed zexiga

dwifit ,hngy .1

dinik ,hngy (`)

dwifit ,'bcixa (a)

dinik ,'bcixa (b)

-`dn zg` lk zeidl leki dbef oa ,dpey`xd dxigal zeiexyt`dn zg` lkl ,xnelk
.dipyd dxigaa zeiexyt

?opyi zeixyt` ze`vez dnk .zeiaew izy zelhen aeaiq lka letepena
ly zebefd lka mipiiprzn epgp`e ,zeixyt` ze`vez 6 yi zeiaewdn zg` lkl
zebef 36 epl yi lkd jqay jk ,dipyd diaewd ly d`veze zg` diaew ly d`vez

.1 ≤ i, j ≤ 6 xy`k (i, j) dxevdn miixyt`
.zialy ec dxiga eprvia mixwnd lka ?lirly ze`nbecl szeynd oexwrd dn
dxwn edf .ircn qxew mbe hxetq qxew mb xegal yi - "mbe" beqn `id dxigad

:ltkd oexwr ly ihxt

-xyt` n2-e cg` beqn dxiga rval zeiexyt` n1 zeniiw m` (ltkd oexwr) 2.2 dprh
mbe cg` beqn dxiga rval zeiexyt` n1 ·n2 zeniiw f` ,ipy beqn dxiga rval zeie

.ipyd beqdn dxiga
|A×B| = f` (zexf gxkda `l) zeveaw izy od A,B m` ,ilnxet ihnzn geqipa

.(B-n xai`e A-n xai` ly zebefd lk sqe` `ed A×B) |A| · |B|

(dxeya xeciq) zexenz 2.2

?dxeya micli n xcql ozip mikxc dnka
zpn lr zepey zeyib izya dirad z` xeztp .ltkd oexwra xiyi yeniy edf
dpen`d z` wfgn wxy dn) zepey han zecewp dnkn d`vezl ribdl ozipy yigndl

.(oaenk ,d`vezd zepekpa eply

el mixgea cli lkle miclid lr cg` cg` mixaer ep`y gipp dpey`xd dyiba •
n-l zwlegn dxeydy y`xn migipn ep`) miiept oiicry el` oian dxeya mewn
ik) zexiga n− 1 wx yi ipyd xear ,zexiga n yi oey`xd clid xear .("mi`z"
oexg`d clil cr d`ld oke zexiga n− 2 iyilyd xear ,(qetz xak cg` mewn

.zg` dxiga weica el yiy

mdn cg` lkle dxeya zenewnd lr cg` cg` mixaer ep`y gipp dipyd dyiba •
zexiga n − 1 ,oey`xd clil zexiga n yi o`k mb .ea didi cli dfi` mixgea
,(aey ea xegal ozip `le dxeya miclid cg` z` epxciq xak ik) ipyd clil
.x`ypy df - cala cg` cli wx zeidl leki eay oexg`d mewnl cr d`ld oke

zwlegn dxeydy gipdl ilan cli ixg` cli dxeyd z` dpap ziyilyd dyiba •
z` qipkdl xyt` okidl epnvr z` mil`ey ep` mrt lkayk ,mi`zl y`xn
zexiga 2 ,(dwix dxeyd rbxk ik) oey`xd clil 1 dxiga yi .xeza `ad clid
l`nyn) iyilyd xear zexiga 3 ,(miiwd clil oinin e` l`nyn) ipyd clil

.oexg`d clil zexiga n cr d`ld oke (rvn`a e` el oinin ,miiwd befl
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ly daxd zeiyeniyd llba .1 · 2 · 3 · · ·n :d`vezd dze` z` eplaiw mixwnd lka
.("zxvr n" ixw) n! = 1 · 2 · · ·n - cgein oeniqe my dl yi dwihnzna efd dlertd

:mizrl liren `edy iaiqxewx ote`a mb xicbdl ozip n! z`

0! = 1 •

.n ≥ 1 lkl n! = n · (n− 1)! •

ce`n iyeniyl jtedy ,oiievn aexiw dl yi j` ,dheyt dgqep n!-l oi` 2.3 dxrd
n! ≈ ,bpilxihq zgqep :cala lceb ixcq ixg` yetiga dwixehpianewa miwqer xy`k
xy`k 1-l zt`ey d`eeynd iccv ipy zpny `id zilnxetd zernynd)

√
2πn

(
n
e

)n
hpcehq lkl ulnen j` bpilxihq zgqepl wwcfp `l dfd qxewa .(seqpi`l s`ey n

.dneiwl rcen zeidl

zeidl mivexe mixag aeae qil`y reci m` dxeya micli n xcql ozip mikxc dnka
?ef cil df

:mikxc xtqna xeztp ,mcewnk

dleki qil` zrk .zeiexyt` (n− 1)! - qil` hrnl dxeya miclid lk z` xcqp •
.zeiexyt` 2 (n− 1)! yi lkd jq okle ,aeal oinin e` l`nyn zeidl

xcqp .(?qilea) cg` cli xeza mdilr aeygpe aeae qil` z` cgi "wiacp" –
(n− 1)! lawpe dxeya ("qilea"e milibxd miclid) miclid n − 1 z`
oinin aea) "qilea" ly iniptd xeciql zeiexyt` izy yi ,zrk .zeiexyt`
lawp ltkd oexwrn okle (oinin qil`e l`nyn aea e` l`nyn qil`e

.zeiexyt` 2 (n− 1)!

dpi` qil`y jk dxeya miclid n z` xcql ozip mikxc dnka .eax aeae qil`
?aea cil

qil` zrk .zeiexyt` (n− 1)! - qil` hrnl dxeya miclid lk z` xcqp •
zeiexyt` n− 2 dl yi okle ,aea l`ny e` oini hrnl mewn lka zeidl dleki

.(n− 2) (n− 1)! lawp ltkd oexwrne

,n! `ed miclid ly dxeya xeciqd zeiexyt` xtqn :"xeqigd oexwr" –
cil `id qil` elld zeiexyt`d jezn 2 (n− 1)!-a weica ik xak epi`xe

`ed xzepy dn f` .aea

n!− 2 (n− 1)! = n (n− 1)!− 2 (n− 1)! = (n− 2) (n− 1)!

.zeiexyt`

(xcql zeaiyg mre zexfg `ll dxiga) zetilg 2.3

lr miclid oian 5 xcql xyt` mikxc dnka .micli 20-e zenewn 5 mr lqtq yi
?lqtqd

5



mewnl 16 cr d`ld oke ipyd mewnl 19 ,oey`xd mewnl cli ly zexiga 20 yi •
. 20!15! -l deey dfy ze`xl lw dxcbdd it lr .20 · 19 · 18 · 17 · 16 :iyingd

gwip zrk .zeiexyt` 20! - dxeya miclid 20 z` xcqp - "weligd oexwr" –
yi ef dxeva .dxeya mdly xcqa lqtqd lr miype mipey`xd zyng z`
15!-l weica mi`zn lqtqd lr micli ly xeciq lk - zeletk zexitq epl
miiniptd mixeciqd xtqn - dxeya miclid ly xeciqd zeiexyt` oian
dpadl xzei dyw ef dyib .mipey`xd zenewna mpi`y miclid 15 ly
. 20!15! d`vezd z` zexiyi dxiaqne daxda dwfg j` dpey`xd dyibdn

k xegal ozip mikxc dnka :d`ad dirad ly ihxt dxwn `id lirly dnbecd
?mixai`d mixgap eay xcql zeaiyg yi xy`k (k ≤ n) mihwiiae` n jezn

. n!
(n−k)! = n · (n− 1) · · · (n− k + 1) `ed illkd oexztd ,dnbeca epi`xy itk

cer yi !dxdf` .P (n, k) = P kn = n!
(n−k)! oeniqa mizrl miynzyn zehyt jxevl

rpnidl xzeia dgehad jxcde (nPk e` Pnk znbec) oeniql zexfen daizk zexev lly
.llk ea ynzydl `l heyt `id lealan

(xcql zeaiyg `lle zexfg `ll dxiga) mitexiv 2.4

mixgap eay xcql zeaiyg oi` xy`k mihwiiae` n jezn k xegal ozip mikxc dnka
?mixai`d

-xgea mcew - ltkd oexwir it lr Ckn · k! = P kn f` .dfd xtqnd z` Ckn-a onqp
mixeciqd k!-n cg` mixgea f`e (zeiexyt` Ckn) xcql zeaiyg ila mixai` k mi
xy`k mixai`d z` xegal zeiexyt`d xtqnl deey df xtqn .mdly miixyt`d

.xcqa miaygzn dligzkln

.Ckn =
Pk

n

k! = n!
k!(n−k)! -y o`kn

ynzyp df oeniqa .
(
n
k

)
= n!

k!(n−k)! :df `ed Ckn-l daxda laewne xg` oeniq

.jli`e o`kn

midf minvr mr dxeya xeciq 2.5

ravn mixeck kt cr d`ld oke xg` ravn mixeck k2 ,cg` ravn mixeck k1 mipezp
?dxeya mixeckd z` xcql ozip mikxc dnka .n =

∑t
i=1 ki onqp .t

dxeya mze` xcql ,el`n el` mipeyk mixeckd lk lr aeygl `id oexztd jxc
ki!) ravd eze` ly miiniptd mixeciqd xtqna wlgl rav lkl f`e (zeiexyt` n!)

.(i lkl
. n!
k1!k2!···kt! :milawn

z` mixgea eli`k jk lr aeygl xyt`) t = 2 xy`k ihxt dxwn md mitexiv
.(mdil`n mirawp ipyd ravd xear zenewnd f`e ,oey`xd ravdn mixeckl zenewnd
xegal zeiexyt`d xtqn :mitexiv ly dllkd xeza n!

k1!k2!···kt! lr aeygl xyt`

oi` xy`k ,d`ld oke dipy dveaw xear k2 ,zg` dveaw xear mihwiiae` n jezn k1
.dxigad xcql zeaiyg

.
(

n
k1,k2,...,kt

)
= n!

k1!k2!···kt! oeniqa miynzyn mizrl
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xcql zeaiyg mre zexfg mr dxiga 2.6

?cala 1,2,3 zextqd zxfra zextq 5 oa xtqn zepal ozip mikxc dnka
it lr .d`ld oke dipyd dxtql 3 ,dpey`xd dxtql dxiga zeiexyt` 3 epl yi

.3 · 3 · 3 · 3 · 3 = 35 lawp ltkd oexwr
- zexfg yie (31 enk xtqn eze` eppi` 13) dxigad xcql zeaiyg yi ef dnbeca
:ote`d eze`a ltehn illkd dxwnd .zg` mrtn xzei dxtq dze` z` xegal ozip

zeaiyg mre zexfg mr mihwiiae` n jezn k xegal zeiexyt`d xtqn 2.4 dprh
.nk `ed xcql

.k ≤ n-y yxcp `l o`k ik al eniy

xcql zeaiyg `lle zexfg mr dxiga 2.7

?1, 2, . . . n lrn zeniiw k jxe`a zecxei `l zeipehepen zexcq dnk
.(1, 3, 3, 3, 5, 7) :k = 6, n = 7 xear efky zcxei `l zipehepen dxcql dnbec

m` wxe m` 1, 2, . . . n lrn zcxei `l zipehepen dxcq `id a1, a2, . . . , ak :dpgad
.1, 2, . . . , n+(k − 1) lrn dler zipehepen dxcq `id a1 +0, a2 +1, . . . , ak+(k − 1)
-xtqnd k z` mixgea :zipeirx dpigan xetql daxda lw zeler zeipehepen zexcq

.mdit lr dnvrn zrawp xak dxcqde ,xcql zeaiyg `ll dxcqa etzzyiy mi

.
(
n+k−1

k

)
eplaiw okl

`lle (minrt dnk xtqn eze` z` xegal ozip) zexfg mr dxigal dnbec idef
.(cigi ote`a rawp dxcqa mixtqnd ly xeciqd) xcql zeaiyg
?mipey mi`z n-l midf mixeck k zqpkdl mikxcd xtqn dn

zepal yie ,dxeya mixceqn mixeckd k - jetd ote`a jildzd lr aeygl gep
.zevign n− 1 jixvy jk ,mi`z n xevil ick "zevign" maiaq

bviin 1-e xeck bviin 0 xy`k 010011 :dxcq zervn`a ihnkq ote`a x`zl ozip
.qt` ipniae miipy irvn`a ,cg` xeck yi il`nya :mi`z dyely yi o`k .dvign

lk .micg` n− 1-e miqt` k mr zeix`piad zexcqd xtqn `ed xtqnd ,ok m`
.zeiexyt`

(
n+k−1

k

)
yiy jk miqt`d mewin z` xegal `ed yxcpy

`lle (zeax minrt `z eze`l xeck qipkdl ozip) zexfg mr dxiga dziid o`k mb
`zl f`e 1 `zl cg` miqipkn mcew m` aeyg `l okle midf mixeckd) xcql zeaiyg

.(ccea xeck didi mi`zd ipya seqa - jetd e` 2
?x1 +x2 + · · ·+xn = k d`eeynl yi miilily i` minly mixtqna zepexzt dnk
md mipzynd :zncewd diral efd dirad oia lre r"gg dn`zd yiy ze`xl lw
oexztd o`k mb okle eil` eqpkedy mixeckd xtqn `ed dpzyn lk ly ekxre ,mi`zd

.
(
n+k−1

k

)
`ed

mekiq 2.8

n! :dxeya minvr n xeciq •

:k1, . . . , kt milcba zedf zewlgnl miwlegn md xy`k dxeya minvr n xeciq •
n!

k1!...kt!

:n jezn k ly zexiga •
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zexfg\xcq aeyg aeyg `l

ila P kn = n!
(n−k)! Ckn =

(
n
k

)
mr PP kn = nk CCkn =

(
n+k−1

k

)
:mpexzte milibxz dnk cer

?lawl ozip xweta mitlw 5 ly zepey "miici" dnk(
52
5

)
= 52!

5!47! okle dxfg `lle xcql zeaiyg `ll 52 jezn mitlw 5 ly dxiga idef
?zeniiw eheh qteh ielinl zeiexyt` dnk

zeaiyg mr dxiga xnelk ,X e` 2 e` 1 mipnqn cg` lkay mixeh 16 mpyi o`k
.316 = 43, 046, 721 okle ,3-n 16 ly zexfg mre xcql

7-n 1 cere mixtqn 37-n 6 mi`lnn eay ,il`xyid ehela zekfl zexazqdd dn
?"miwfg mixtqn"

z` odilr milirtn ep`e zexfg `lle xcql zeaiyg `ll zexiga izy epl yi o`k
.1 : 16, 273, 488 md diikfd iiekiq okle 7 ·

(
37
6

)
= 16, 273, 488 milawne ltkd oexwr

.1 e` 0 mdy mikxr n ly dxcq heyt `ed n jxe`n "ix`pia xehwe"
mre{0, 1} jezn zexfg mr dxiga) n jxe`n miix`pia mixehwe 2n yi ik xexa

.(dxcq `ed xehwe ik xcql zeaiyg
?1 ly cg` rten zegtl yi mday miniiw miix`pia mixehwe dnk

xeza zenewnd n-n cg` xgap :oldlck `ed df beqn zel`yl iebye uetp oexzt
xear zeqipkd z` zeiytega xgap f`e ,el "miaiiegn" epgp`y 1-d ritei eay mewnd

.zeiexyt` n · 2n−1 lawpe ,zenewnd x`y
n = 2 xear :miphw mikxr xear oexztd z` wecal `id d`ibyd z` zedfl jxc
ik ze`xl lw la` ,mini`zn miix`pia mixehwe 2 · 21 = 4 mpyi ik dgqepdn lawp

.dletk dxitq eprvia .11, 01, 10 :dyely wx miniiw
mewna zeidl 1 xgap zg` mrt :miinrt 11 xehwed z` dxtq dletkd dxitqd
mrta ;cg` ok mb ritei ipyd mewnay xgap ipyd alyae ,oey`xd alya oey`xd
.jk xg` xgap oey`xd mewnay 1-d eli`e ,ipyd mewna `weec zeidl 1 xgap zxg`d
d`vezl liaei zexiga bef lky yxec ltkd oexwr oky ltkd oexwr z` cbep epi` xacd
hwiiae`d eze`l miliaeny miixyt` mipey zexiga ibef ipy yi o`k eli`e ,dpey

.weica
xehwe wx epyi :xeqigd oexwr zervn`a `id dfd libxzd z` xeztl dpekpd jxcd
jxe`n mixehwe 2n−1 yi okle (miqt` eleky xehwed) mi-1 likn `ly n jxe`n ccea

.zg` mrt zegtl 1 milikny n
miyxec m` x1 + x2 + x3 + x4 + x5 = 30 d`eeynl yi minlya zepexzt dnk

?xi ≥ 1 ik
mre xcql zeaiyg ila zexiga ly zxkend d`veza ynzydl mivex epgp` o`k

.xi ≥ 0 xear dtwz d`vezd my la` ,zexfg
`z oi`y ueli`d zgz mi`z dyingl mixeck 30 miwlgn - iaihi`ehpi`d oeirxd
ote`a mixzepd mixeckd 25 z` wlgp f`e `z lka cg` xeck miyp lk mcew f` ,wix

.iyteg
d`eeyna aivp .xi = yi+1-y jk yi miycg mipzyn xicbpe lelrza ynzyp :lreta

:lawpe zixewnd
(y1 + 1) + (y2 + 1) + (y3 + 1) + (y4 + 1) + (y5 + 1) = 30

:lewy geqipae
.yi ≥ 0 ,y1 + y2 + y3 + y4 + y5 = 25

.
(
5+25−1

25

)
=
(
29
25

)
`ed oexztd okle
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?zeniiw Fq lrn 2× 2 zekitd zevixhn dnk .mixai` q mr iteq dcy Fq `di
ltk dppi` dxey s` m` wxe m` dkitd `id dvixhn ,2 × 2 zevixhn xear
dxeyl hxt zixyt` dxey lk dpey`xd dxeyd xear .dipyd dxeyd ly xlwqa
oexwrn ,dqipk lkl miixyt` mikxr q yiy oeeikne ,zinhibl `id miqt` dleky
.zeiexyt` q2 − 1 lawp miqt`d zxey xeqig xg`le ,zeixyt` zexey q2 yi ltkd
dxeyd xear zeixyt` zexeyd q2-n zg` lk dpey`xd dxeyd ozpida ,zrk
dze`e mixlwq q miniiw .dpey`xd dxeyd ly xlwqa ltk ody el`l hxt dipyd
zeinihibl zexey q2−q yiy jk ,mipey mixlwq ipya ltk ici lr zlawzn `l dxey

.lkd jqa
.yxcpd beqdn zekitd zevixhn

(
q2 − 1

) (
q2 − q

)
yiy lawp ltkd oexwrn

mipeid jaey oexwr 3
iyeniy ilk `ed z`f mre ,xzeia dheyt zihnzn dpga` `ed mipeid jaey oexwr

.icnl zeriztn zexeva mizrl ,zeax meiw zeira oexzta ce`n

eay jaey miiw f` ,mipei n+ 1 opyi mikaey n-a m` :(mipeid jaey oexwr) 3.1 dprh
.mipei izy zegtl yi

zegtl yi eay jaey miiw f` ,mipei m opyi mikaey n-a m` :xzei illk geqip
.mipei

⌈
m
n

⌉
mleka yi f` ,zg` dpei xzeid lkl yi jaey lka m` - dlilya `id dprhd zgked

.zillkd dprhd zgken dnec ote`a .mipei n-n xzei `l cgi
:zeheyt ze`nbeca gztp

.y`xd lr zexry zenk dze` weica ilra migxw `l miyp` ipy mlera miniiw
mpyi mleray cera ,mitl` ze`na ccnp y`xd lr zexryd xtqny jkn raep df

.mikaeyd md miixyt`d zexryd ixtqn ,mipeid md miyp`d - miyp` icx`ilin
minlrzn m`) zcled mei eze` ilra miyp` ipy miniiw miyp` 366 mr xcga

.1(x`exata 29-d enk mibixgn
z` elawiy mihpcehq ipy eidiy ghaen mihpcehq 100-n dlrnl mr qxewa

(...dpigal miybip mlek m`) oeivd eze`
n jxe`n mivaw 2n yi n lkl :uaew lk oihwny rcin xnyn ueeik miiw `l
okle mihia n− 1 xzeid lkl jxe`n mivaw 1 + 2 + 4 + · · ·+ 2n−1 = 2n− 1-e mihia
zeybpzdl mexbl aiig mihia n oa uaew lk oihwny ueeik lk mipeid jaey oexwrn
ueeikdn uaew lk xfgyl ozip `l - e`elna xneyn `l rcind okle) mivaw ipy oia
aiig `ed ,ccea uaew ele oihwn ueeikd m`y giken mkegn xzei zvw oerih .(ely

.edylk xg` uaew licbdl

.xzei zeakxen ze`nbecl zrk xearp
yleyna zecewp 5 lkl ik gikedl yi .1 jxe`a rlv mr zerlv deey yleyn oezp

. 12 -l deey e` ohw wgxna miizy yi
wgxnd . 1

2 mrlv jxe`y zerlv ieey miyleyn 4-l yleynd z` miwlgn :oexztd
yi mipeid jaey oexwr it lre ,12 -n xzei `l `ed yleyn lk jeza zecewp izy oia

.(mikaeyd md miyleynd ,mipeid od zecewpd) yleyn eze`a zecewp izy

mdly zcledd inie xcga miyp` 23 mpyi m` xaky d`xn zexazqdd zxeza zcledd mei qwecxt1

.ivgn dlecb zcled mei eze` ilra miyp` ipyl zexazqdd ,cig` ote`a mibltzn
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yi ik gikedl yi .ipyl cg` miici evgl mwlge daiqna eybtp miyp` dyiy
e` ,diiyilyl mdixag lk ly mdici z` evgl e` dixag lky jk miyp` ly diiyily

.diiyilya xag s` ly eci z` evgl
mipeqkl`d lky jk micewcew 6 oa llkeyn rlevna opeazp ,ixhne`b geqipa
lk ravp .(xg` cewcew lkl ewa xaegn cewcew lk ,xnelk) ea egznp miixyt`d
eizerlv lky) ihnexkepen yleyn miiw ik gikedl yi ;legk e` mec`a mieewdn cg`

.(ravd eze`a zereav
,miyp`d x`y mr eze` mixagny mirhw 5 mpyi .1 'qn mc` lr opeazp :oexztd
,mipeid md mieewd) ravd eze`a mireavd dyely yi llkend mipeid jaey oexwrne
lr opeazp mec` did dfd ravdy zeillkd zlabd ila gipp .(mikaeyd md miravd
eze` xagny ewdy bef mdipia miiw m` .elld mieewl mixaegnd miyp`d zyely
miiw `l m`e ;eply diiyilyd z` eplaiw 1 'qn mc` mr cgia f` ,mec` rava `ed
,milegk mieew mr el`l el` mixaegn elld miyp`d zyely lk f` dfk bef mdipia

.eply diiyilyd z` eplaiw aeye
dwixehpianewa illk htyn ly ihxt dxwn `id ef d`vezy oiivp ab` zxrda
.ifnx zxez `xwpd dwixehpianewa megzl qiqa deedn exezae ,ifnx htyn `xwpd

.qxewa htynd z` bivp `l
`ed myxtd xy` miipy miniiw miizxtq ec miirah mixtqn 12 ly dveaw lka

.zedf zextq izy lra xtqn
-de ,mikaeyd eidi mixtqnd ly 11-a dwelga zeixyt`d zeix`yd :oexztd
okle 11-a dwelga zix`y dze` ilra mixtqn ipy yi gxkda .mipeid eidi mixtqn
.zedf zextq izy lra didi `ed izxtq ec xtqn `edy oeeikne ,11-a wlgzi myxtd

.ixefgn `ed ilpeivx xtqn lk ly ipexyrd beviid
welig mirvan (a < b mr) a

b ilpeivx xtqn ly ipexyrd beviid z` `evnl ick
:mi`ad micrvd lr ziteqpi` dxfgk z`f x`zl ozip ;jex`

a← 10 · a .1

.
⌊
a
b

⌋
z` helt .2

.a← a%b .3

lawl leki a-y mikxr ly iteq xtqn wx yi la` ,iteqpi` `ed envr mzixebl`d
oky ,envr lr xefgl lgi mzixebl`d miieqn alyn lgdy o`kne (b-e 0 oia mikxrd)

.2mzixebl`d jynd lk z` cigi ote`a raew miieqn alya a ly ekxr

lwqt yleyne oeheip ly mepiad 4

.(a+ b)
2

= a2 + 2ab+ b2 xvewnd ltkd zgqep z` xtqd zian mixikn mlek

dxekf la` xtqd ziaa zbven `id mb (a+ b)
3

= a3 + 3a2b+ 3ab2 + b3 dgqepd
.zegt

illkd dxwna mb zlthn ef dhiy cvike el` ze`gqepl miribn cvik zrk d`xp
.(a+ b)

n ly

zexfg ligz ,"miavn" ly iteq xtqna wx zeidl lekiy mzixebl` ly ziteqpi` dvix eitl ,df oeirx2

,zeilnxet zetye mihnehe`a qxewa getipd znla ,lynl ,iehia icil `ae xzeia iyeniy `ed miieqn alyn
.zeiaeyigd zxeza qxewa dxivrd ziira ly milaben mihp`ixe ly oexzte
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-y al miyp ,ziy`x

(a+ b)
2

= (a+ b) (a+ b) = aa+ ab+ ba+ bb

= a2 + 2ab+ b2

.ab = ba xnelk ,iaihhenew `ed ltky jkne ab+ ba-n raep 2ab-d
:dnec ote`a

(a+ b)
3

= (a+ b) (a+ b) (a+ b)

= aaa+ aab+ aba+ abb+ baa+ bab+ bba+ bbb

wlgn mi-a ly dxiga ici lr lawzn cg` lky ,mixaegn dpeny mpyi o`k
miixbeqa a ly dxigan lawzn aba ,lynl .mixzepd miixbeqdn mi-b-e miixbeqdn

.miirvn`a b-e mipexg`de mipey`xd
dxigan lawzn mdn cg` lky mixaegn ly mekq `ed (a+ b)

n ,illk ote`a
0 ≤ i ≤ lkl z`fe ,mixzepdn b minrt n − i-e miixbeqdn wlgn a minrt i ly
i z` xegal zeiexyt`d xtqn - minrt

(
n
i

)
weica xgaidl leki aibn−i xai`d .n

z` xegal zeiexyt`
(
n
n−i
)

=
(
n
i

)
,lewy ote`a e`) a xgap mkezny miixbeqd zebef

.(mi-b-d egwlii mdny miixbeqd
:zillkd dgqepl miribn ep` o`kn

.(a+ b)
n

=
∑n
i=0

(
n
i

)
aibn−i (oeheip ly mepiad) 4.1 dprh

.mepiad incwn zeaexw mizrl mipekn
(
n
i

)
mixtqnd ef dgqep lya

`ivnd lwqt `l ik s`) lwqt yleyn `xwpd d`p itxb xe`iz mepiad incwnl yi
xtqa eze` x`iz lkd jqa lwqte ,miipiad inia xak xken did yleynd - eze`

:(azky dwihnzn

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

.
(
n
0

)
,
(
n
1

)
, . . . ,

(
n
n

)
mixtqnd mi`vnp yleynd ly zi-n-d dxeya

:oze` gikep okn xg`le yleynd ly zepekz xtqnl al miyp

.ixhniq yleynd .1

.mi-1-n dlek zakxen yleynd zty .2

.n od n-d dxeya dtyd cily zeqipkd .3
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,dtya mixai` ly dxwnae) eilrny mixai`d ipy mekq `ed yleyna xai` lk .4
.(eilrny cigid xai`d ly

da miaivn xy`k ,mepiad zgqepn zelwa raep) 2n `ed n-d dxeyd mekq .5
.(a = b = 1

zenewnd mekq mb okle) 2n−1 `ed yleyna n-d dxeya miibefd zenewnd mekq .6
.(2n−1 `ed miibef i`d

(ze`eeyn ly divletipn ici lr ,xnelk) zixabl` - mikxc izya dpekz lk gikep
.(dni`zn dxitq ziira xe`iz ici lr ,xnelk) zixehpianewe

.
(
n
i

)
=
(
n
n−i
)
dprhd mvra idef .1

.
(
n
i

)
= n!

i!(n−i)! = n!
(n−i)!i! =

(
n
n−i
)
:zixabl` dgked

xtqn enk `ed n jezn mixai` i xegal mikxcd xtqn :zixehpianew dgked
.zgwl `l n jezn mixai` n− i eli` xegal mikxcd

.(dixhniqdn raep oey`xd oeieeyd)
(
n
0

)
=
(
n
n

)
= 1 dprhd mvra idef .2(

n
0

)
= n!

0!n! = n!
n! = 1 :zixabl` dgked

s` mixgea `l - mixai` n-n 0 xegal zg` jxc wx yi :zixehpianew dgked
.cg`

.(dixhniqdn raep oey`xd oeieeyd ,aey)
(
n
1

)
=
(
n
n−1
)

= n dprhd mvra idef .3(
n
1

)
= n!

1!(n−1)! = n·(n−1)!
(n−1)! = n :zixabl` dgked

.n jezn ccea xai` xegal mikxc n yi :zixehpianew dgked

.(n, i > 0 xear dpekpy)
(
n
i

)
=
(
n−1
i−1
)

+
(
n−1
i

)
dprhd mvra idef .4
:zixabl` dgked(

n− 1

i− 1

)
+

(
n− 1

i

)
=

(n− 1)!

(i− 1)! (n− i)!
+

(n− 1)!

i! (n− i− 1)!

= (n− 1)!

[
i

i! (n− i)!
+

(n− i)
i! (n− i)!

]
= (n− 1)! · n

i! (n− i)!
=

n!

i! (n− i)!
=

(
n

i

)
xtqnk `ed n jezn mixai` i xegal mikxcd xtqn :zixehpianew dgked
,oexg`d z` mdil` siqedle mipey`xd n−1 jezn mixai` i−1 xegal mikxcd
mdl siqedl ilan mipey`xd n− 1 jezn mixai` i xegal mikxcd xtqn cere
daxda dxikfl dlwe dheyt dgked idef .(xeaigd oexwrn raep) oexg`d z`

.zixabl`d dgkeddn

.
∑n
i=0

(
n
i

)
= 2n dprhd mvra idef .5∑n

i=0

(
n
i

)
=
∑n
i=0

(
n
i

)
1i1n−i =-y dler oeheip ly mepiadn :zixabl` dgked

.(1 + 1)
n

= 2n

weica mr n jxe`n miix`piad mixehwed xtqn `ed
(
n
i

)
:zixehpianew dgked

.miqt` i
`ed xeaigd oexwir it lre ,n jxe`n llekd miix`piad mixehwed xtqn `ed 2n

.i lkl miqt` i weica mr miix`piad mixehwed lk ly mxtqn mekql deey
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.
∑bn

2 c
i=0

(
n
2i

)
= 2n−1 dprhd mvra idef .6(

n
0

)
= ok enke ,

(
n
2i

)
=
(
n−1
2i−1

)
+
(
n−1
2i

)
-y epi`x i > 0 lkl :zixabl` dgked

.
∑bn

2 c
i=0

(
n
2i

)
= 2n−1 =

∑n−1
i=0

(
n
i

)
= 2n−1 lawp okle

(
n−1
0

)
ibef xtqn mday n jxe`n miix`piad mixehwed xtqn :zixehpianew dgked
ibef i` xtqn mday n jxe`n miix`piad mixehwed xtqnl deey miqt` ly
.xehwea oey`xd hiad zkitdn lawzn mdipia lre r"gg dn`zd :miqt` ly
,miqt` ly ibef xtqn mr eidi mdn ivg weica okle mixehwe 2n k"dq yi

.2n−1 xnelk

diqxewxe divwecpi` 5

zihnzn divwecpi` 5.1

xzeia zeiyeniyde zeiqiqad dgkedd zewipkhn zg` `id zihnzn divwecpi`
icy dyexit dwihnzna ;llkd l` hxtdn dwqd dyexit divwecpi` .dwihnzna
zepekp z` wiqdl ozip cvik ze`xdle miheyt "qiqa ixwn" xear dprh gikedl
.cinz dpekp dprhdy gikedl icka ,xzei miheyt mixwnn akxen dxwn xear dprhd
,dpey`xd oa`d z` litn divwecpi`d qiqa :epinec lrk divwecpi` lr aeygl ozip
`id d`vezd .dixg` d`ad z` dlitn zltep oa` lk cvik d`xn divwecpi`d crve

.zeltep mipa`d lky
:divwecpi` ly mibeq xtqn bivp

ly dxcq `id A0, A1, A2, . . . m` (cigi dpzyna miirahd lr divwecpi`) 5.1 dprh
:mi`ad mi`pzd ipy miniiwzny jk ,zeprh

.dpekp A0 (divwecpi`d qiqa) .1

.dpekp Ai+1 mb f` ,dpekp Ai m` (divwecpi`d crv) .2

.zepekp A0, A1, A2, . . . zeprhd lk f`

n `die ,zepekp A1, A2, . . . zeprhd lk `l j` mipekp 2-e 1 ik dlilya gipp :dgked
`id An−1 okle ,n = 1-y okzii `l 1 lya .oekp epi` An-y jk xzeia ohwd irahd
dler 2-ne dpekp ok An−1 ,ilnipin did n-y oeeikne A1, A2, . . . dxcqd jezn dprh

.dlilyd zgpdl dxizqa ,dpekp An mby

ef dpekz ;ilnipin xai` yi miirah ly dveaw zz lkly jk lr zknzqn ef dgked
`l j` ,aeh xcq da yiy dveaw lka dxcbdl zpzip divwecpi`e ,"aeh xcq" dpekn

.qxewa jk lr hxtp
miqeqd lky d`ad "dgked"d ici lr x`ezn divwecpi`a zegkeda uetp lyk
.rav eze` ilra miqeqd lk ,miqeq ly dveaw lkay ,zilnxet .ravd eze` ilra

.1-n dligzne dveawd lceb lr `id divwecpi`d

qeq wx da miiw oky ravd eze`a miqeqd lk ccea qeq ly dveawa (qiqa) .1
.ccea

xzeeipe dvegd miqeqd cg` z` `ivep miqeq n+1 zlra dveaw ozpida (crv) .2
qeq `ivepe dveawl qeqd z` xifgp zrk .ravd eze`a mleky miqeq n mr
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ep`vedy qeqd okle ,ravd eze` ilra miqeqd lk day dveaw lawp aeye xg`
.xzid enk rav eze` lra `ed dlgzda

miyl yi) n = 1 xy`k caer epi` divwecpi`d crvy jka `id efd "dgked"a ze`nxd
.(zernyn xqg df j` ,caer `ed n > 1 xear ik al

`id A0, A1, A2, . . . m` (cigi dpzyna miirahd lr dnly divwecpi`) 5.2 dprh
:mi`ad mi`pzd ipy miniiwzny jk ,zeprh ly dxcq

.dpekp A0 (divwecpi`d qiqa) .1

.dpekp Ai+1 mb f` ,olek zepekp A1, A2, . . . , Ai m` (divwecpi`d crv) .2

.zepekp A0, A1, A2, . . . zeprhd lk f`

divwecpi`d crv z` gikedl xzei lwy jka "dlibx" divwecpi`n zlcap dnly divwecpi`
,z`f mr ;dnvr Ai-a wx `le A1, . . . , Ai zeprhd lk zepekpa xfridl ozipy oeeikn

.jxev da oi` aexl

(miirah i, j ≥ 0) zeprh ly dveaw `id Ai,j m` (zicnn ec divwecpi`) 5.3 dprh
:mi`ad mi`pzd ipy miniiwzny jk

.dpekp A0,0 (qiqa) .1

.dpekp Ai,j mb f` ,(a, b) 6= (i, j) mbe a ≤ i, b ≤ j lkl dpekp Aa,b m` (crv) .2

.zepekp Ai,j zeprhd lk f`

diqxewx 5.2

(xzei miillk mihwiiae` e`) divwpet e` dxcq ly dxcbd `id ziaiqxewx dxcbd

miizlgzd mikxr xtqnl hxt ,eincew ly mikxrd zervn`a xcben jxr lk day
.yxetna mixcbeny

dze` xear dxebq dgqepn xzei dheyt zeaexw mizrl `id ziaiqxewx dgqep
`id j` (dheyt dxebq dgqep oi`y s` ziaiqxewx dgqep `evnl ozip mizrle) dxcq
lk mcew aygl yi dzervn`a edylk jxr aygl ick oky) lreta aeyigl dyw xzei

.(mdilr jnzqn `edy mikxrd z`
-epd mb sqepae ,dxcq zexicbnd zeiaiqxewx ze`gqepl ze`nbec xtqn d`xp
zepzip 2 wxta epx`izy dxitqd ze`gqep lk ,hxta .zeni`znd zexebqd ze`gq
df ik yxetna oiivl ilan jk epx`iz mb owlg z`e) zeiaiqxewx ze`gqepk xe`izl

.(miyer ep`y dn

.(an = a1 + (n− 1) d :dxebqd dgqepd) an = an−1 + d :zipeayg dxcq •

.(an = a1 · qn−1 :dxebqd dgqepd) an = an−1 · q :ziqcpd dxcq •

jynda) a0 = 0, a1 = 1 dlgzd i`pz mr ,an = an−1+an−2 :i'v`peait zxcq •
.(an = 1√

5

[(
1+
√
5

2

)n
−
(

1−
√
5

2

)n]
,dxebqd dgqepd z` mi`ven cvik d`xp qxewd

.(epi`x xaky itk ,Pn = n! :dxebq dgqep) Pn = n · Pn−1 :dxeya mixeciq •
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P 0
n = 1 dlgzdd i`pz mr P kn = n·P k−1n−1 :xcql zeaiyg mre zexfg ila dxiga •

.(P kn = n!
(n−k)! :dxebq dgqep) n lkl

dlgzdd i`pz mr PP kn = n · PP k−1n :xcql zeaiyg mre zexfg mr dxiga •
.(PP kn = nk :dxebq dgqep) PP 0

n = 1

dlgzdd i`pz mr Ckn = Ck−1n−1 +Ckn−1 :xcql zeaiyg ilae zexfg ila dxiga •
.(Ckn =

(
n
k

)
:dxebq dgqep) Cnn = 1-e C0

n = 1

i`pz mr CCkn = CCk−1n−1 + CCkn−1 :xcql zeaiyg ilae zexfg mr dxiga •
.(CCkn =

(
n+k−1

k

)
:dxebq dgqep) Ck0 = 1-e C0

n = 1 dlgzdd

:zakxen xzei hrn dnbec zrk bivp
,1 ≤ i ≤ n lkl day 1, 2, . . . , n mixtqnd lr dxenz `id mixai` n lr xcq zxtd

eli`e mixai` 3 lr xcq zxtd `id 312 ,lynl .i-d mewna `vnp epi` i-d xtqnd
.(2 mewna `vnp 2 ik) `l 321

xear :jk Dn z` aygl ozip .mixai` n lr xcqd zextd xtqn z` Dn-a onqp
.(eliaya xegal ozip `l 1 mewn z` ik) exear mewn ly zexiga (n− 1) epl yi ,1
,i mewna 1 z` epnyy xn`p .xcql yiy mixtqn n − 1 mr mixzep ep` okn xg`l
f` ,1 mewna myen `ed m` .`ly e` ,1 mewna myei i-y e` :zeiexyt` izy yi f`
,ielz izla ote`a mixzepd mixtqnd n − 2-a lthle i-n ode 1-n od gekyl xyt`
f` ,1 'qn mewna myen epi` i m` eli`e ;df dxwna xcq zextd Dn−2 yi xnelk
i`pzd edfe ,1 mewna zeidl el xeq`e 1 xtqnd envr `ed eli`k i lr aeygl xyt`

.df dxwna xcq zextd Dn−1 epl yi okle ,xcq zextd ly libxd
ab` zxrda .Dn = (n− 1) [Dn−1 +Dn−2] ziaiqxewxd dgqepd z` eplaiw
miixbeqd) Dn =

[
n!
e

]
ik reci j` ,zixehpianew dxebq dgqep zniiw `ly oiivp

.(n!e -l xzeia aexwd irahd xtqnd - mlyd jxrd zivwpet z` mipiivn miraexnd

dcxtdde dlkdd llk 6
`ll) zexf zeveawd m` .|A ∪B| edn zrcl mipiipern ep`e A,B zeveaw izy zepezp
m` dxew dn j` .xeaigd oexwr edf - |A ∪B| = |A| + |B| f` (mitzeyn mixai`
dpi` odizyl mitzeynd mixai`d ly A ∩ B dveawd xnelk ,zexf opi` zeveawd

?dwix
;miinrt mixtqp A,B-l mitzeyn mixai`y `ed |A|+ |B|-a dirad df dxwna
mixqgny jk ici lr "owzl" ozip efd zerhd z` .B ixai`k mrte A ixai`k mrt

:dgqepd z` lawp xnelk ,miinrt extqpy mixai`d xtqn z` llekd mekqdn

|A ∪B| = |A|+ |B| − |A ∩B|

.A,B zeveaw bef lkl dpekp ef dgqep
dveawd lceby zeewl did ozip .|A ∪B ∪ C| :zeveaw yely ly dxwnl zrk xearp
jk lr cirne oekp epi` df j` |A| + |B| + |C| − |A ∩B| − |A ∩ C| − |B ∩ C| didi
lka `vnpy xai`y `id dirad .cala zeveaw ly zebef zpigaa wtzqdl ozip `ly
yely dlilyl mb la` (|A| , |B| , |C| mr) minrt yely aeiga xtqii zeveawd yely

15



|A ∩B ∩ C| z` mixagn ep` owzl ick okl .(|A ∩B| , |A ∩ C| , |B ∩ C| mr) minrt
:dpekpd dgqepd z` milawne

|A ∪B ∪ C| = |A|+ |B|+ |C| − |A ∩B| − |A ∩ C| − |B ∩ C|+ |A ∩B ∩ C|

:illkd dxwnl irah ote`a miribn ep` o`kn

f` zeveaw od A1, . . . , An m` (dcxtdde dlkdd llk) 6.1 htyn

∣∣∣∣∣
n⋃
i=1

Ai

∣∣∣∣∣ =
∑

1≤i≤n

|Ai| −
∑

1≤i,j≤n

|Ai ∩Aj |+
∑

1≤i,j,k≤n

|Ai ∩Aj ∩Ak| − · · ·+ (−1)
n−1 |A1 ∩ · · · ∩An|

ixg` ,oini sb`a zg` mrt weica xtqp
⋃n
i=1Ai ly xai` lky ze`xdl yi :dgked

.zeililye zeiaeig zexitq miffwny
xtqp `ed oday minrtd xtqn .zeveawd n jezn t-a weica riten xai`dy gipp
f` i > t m` ;i-a ielz zeveaw i ly mikezig lr mivx eay mekqa xai` eze`a
dveaw jeziga ztzzyn gxkda zeveaw i ly jeziga ik llk xtqp epi` xai`d
- mikezigdn

(
t
i

)
-a weica riten `ed f` i ≤ t m` ,z`f znerl .eze` dlikn dpi`y

.eze` zelikny zeveaw wx zetzzyn mday el`

:oeheip ly mepiadn ,zrk ,
∑t
i=1 (−1)

i−1 (t
i

)
`id xai` eze` xear dxitqd ,ok lr

t∑
i=1

(−1)
i−1
(
t

i

)
= 1−

t∑
i=0

(−1)
i

(
t

i

)
= 1− (1− 1)

t
= 1

.yxcpk

,mixai` n oa "mler" oezp :dfk `ed dcxtdde dlkdd oexwrl eply yeniyd aexl
lrk odilr miayeg ep`e mlerd jezn migwlp odixa`y A1, . . . , Ak zeveaw xtqne
mixai`d zenk z` `evnl `id epzxhn .miiwl mileki mixai`dy "zerx zepekz"

dcxtdde dlkdd oexwrn .
∣∣∣⋂ki=1Ai

∣∣∣ z` xnelk ,drx dpekz s` miniiwn mpi`y

:lawp

∣∣∣∣∣
k⋂
i=1

Ai

∣∣∣∣∣ = n−

∣∣∣∣∣
k⋃
i=1

Ai

∣∣∣∣∣ = n−
∑
|Ai|+ · · ·+ (−1)

n |A1 ∩ · · · ∩An|

zepekz k-e mixai` n mpyi m` :df `ed dcearl xzei hrn gep `edy sqep geqip
z` w (PiPj)-a ,Pi z` miniiwny mixai`d xtqn z` w (Pi)-a onqp ,P1, . . . , Pk
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r irah xtqn lkle ,d`ld oke ,Pj z` mbe Pi z` mb miniiwny mixai`d xtqn
-ew zernyn oi` df oeniql) w (r) =

∑
1≤i1,...,ir≤k w (Pi1 · · ·Pir ) oeniqa ynzyp

`ad geqipd z` lawp .(minrt dnke dnk ea xtqidl leki xai` eze` ;zixehpian
:dcxtdde dlkdd llk ly

-xai`d xtqn E (0) `di (zepekz zervn`a geqip ,dcxtdde dlkdd llk) 6.2 htyn
:f` , dpekz s` miniiwn mpi`y mi

E (0) =
∑k
r=0 (−1)

r
w (r)

?11 e` 7 ,3-a miwlgzn mpi` dnk ,1, 2, . . . , 300 mixtqnd oian
onqpy ,zepekz yely epl yi ,xnelk - 11 e` 7 ,3-a zewlgzd `id "drx dpekz" o`k

.w (0) = 300 okle mixtqn 300 yi .P3, P7, P11

w (P11) =
⌊
300
11

⌋
=-e w (P7) =

⌊
300
7

⌋
= 42 ,w (P3) =

⌊
300
3

⌋
= 100 ik ze`xl lw

w (1) = 27 + 42 + 100 = 169 okl .27
`ed m` wx mdn dnka wlgzn xtqn ,miipey`x mlek 3, 7, 11-y oeeikn ok enk

:xnelk .mdly dltkna wlgzn
okl .w (P7P11) =

⌊
300
77

⌋
= 3 ,w (P3P11) =

⌊
300
33

⌋
= 9 ,w (P3P7) =

⌊
300
21

⌋
= 14

w (2) = 3 + 9 + 14 = 26
.w (3) = 1 okle w (P3P7P11) =

⌊
300
231

⌋
= 1 meiqle

3,7,11-a miwlgzn mpi`y mixtqnd zenk ik lawp dcxtdde dlkdd zgqepn
weica `id

E (0) = w (0)− w (1) + w (2)− w (3)

= 300− 169 + 26− 1

= 156

-nyn zxtyn dcxtde dlkd lreta j` ,jaeqne ipgxh ze`xidl ieyr oexztd
diral iai`p oexzt ;zihnehe` dze` rvany mzixebl` ly zeikeaiqd z` zizer
oexztd ;zewlgzd mdn cg` lkl wecale mixtqnd 300 lk lr xearl yxec lirly
zelert xtqn ly revia cere cala welig zelert 7 aeyig yxec dcxtde dlkd mr
zewlgzd miwcea ep`e n cr `ed eply geehd m` illk ote`a .dgipf ozelry mekiq
-xtde dlkd mr oexzte ,welig zelert O (n · k) yxec iai`p oexzt f` miipey`x k-a
lr xaecn lecb n-e (reaw hxtae) ohw k xeary jk ,el`k zelert O

(
2k
)
yxec dc

.zizernyn liri oexzt
i lkl oday 1, . . . , n ly zeivhenxt :mixai` n lr xcqd zextd xtqn Dn `di

.dcxtdde dlkdd llk zervn`a df xtqn aygp .i-d mewna `vnp epi` i xtqnd
."i-d mewna `vnp i xtqnd" dpekzd didz Pi dpekzd

ziy`x ,r lkl .df dxwna w (r) aeyig lr ce`n dlwn dirad ly dixhniqd
xetqp okn xg`le ,(zeiexyt`

(
n
r

)
) "lwlwl" mivex epgp`y zenewn n jezn r xgap

eidi zenewn cery okzii ."milwlewn" epxgay zenewnd oday zexenzd xtqn z`
lwlwl ick .(dcxtde dlkday gekd weica df) epxear dpyn `l df j` milwlewn
epl mixzep f`e ,eze` lwlwny xtqnd z` mdn cg` lka miaivn epgp` zenewn r
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(n− r)! epl yi xnelk ,mixtqnd z` iyteg ote`a xcql xyt` mday zenewn n−r
.zeiexyt`

:lawp o`kne ,w (r) =
(
n
r

)
(n− r)! = n!

r! ik eplaiw lkd jqa

Dn =
∑n
r=0 (−1)

r
w (r) =

∑n
r=0 (−1)

r n!
r! = n!

∑n
r=0

(−1)r
r!

.e−1 =
∑∞
r=0

(−1)r
r! okle ,ex =

∑∞
r=0

xr

r! :ilxbhpi`e il`ivpxtic oeaygn zxekfz

,Dn ≈ n!
e -y o`kn .gipf `ed zerhd lcebe ,e−1 ly aexiw `ed

∑n
r=0

(−1)r
r! -y o`kn

lkl (n!e -l xzeia aexwd irahd xtqnd `ed Dn) Dn =
[
n!
e

]
-y ze`xl ozip lretae

Dn xear zwiiecn dgqep `evnl epl riiq dcxtdde dlkdd llky mi`ex ep` o`kn .n
.envra yxetna dze` ozp `l `ed m` s`

zewelg 7
,mi`z k-l mixeck n wlgl ozip mikxc dnka :da epwqr xaky diral zrk xefgp

?miniieqn miveli` ozpida
.miixyt`d miveli`dn daxd xear oexztd z` d`xp

xegal yi o`k :`z lka cg` xeck xzeid lkle mipey mi`z k ,midf mixeck n .1
.mixeck enyei mday mi`zd k jezn n z`

.dxigad xcql zeaiyg oi` midf mixeckdy llba
.dxigaa zexfg oi` `z lka xzeid lkl cg` xeck yiy llba

.zeiexyt`
(
k
n

)
:dpwqn

mixgea o`k mb :`z lka cg` xeck xzeid lkle mipey mi`z k ,mipey mixeck n .2
.mixeck enyei mday mi`zd k jezn n z`

.dxigad xcql zeaiyg yi mipey mixeckdy llba
.dxigaa zexfg oi` `z lka xzeid lkl cg` xeck yiy llba

.zeiexyt` Pnk =
(
k
n

)
n! :dpwqn

mixgea xeck lkl o`k :zetqep zelabn `ll ,mipey mi`z k ,mipey mixeck n .3
.miixyt`d mi`zd n-n cg`

.dxigad xcql zeaiyg yi mipey mixeckdy llba
.zexfg mr dxiga ef zetqep zelabn oi`y llba

.zeiexyt` kn :dpwqn

mixgea xeck lkl o`k :zetqep zelabn `ll ,mipey mi`z k ,midf mixeck n .4
.miixyt`d mi`zd k-n cg`

.dxigad xcql zeaiyg oi` midf mixeckdy llba
.zexfg mr dxiga ef zetqep zelabn oi`y llba

.zeiexyt` CCnk =
(
n+k−1
n

)
:dpwqn

ozip `l o`k :aeyg `z lka mixeckd xcq ,mipey mi`z k ,mipey mixeck n .5
`vnp 1 'qn xecky ,lynl ,lawl ozip `l efk dxeva ik) `z xegal xeck lkl

.(`zd eze`a 2 'qn xeck ixg`
dxenz mixgea okn xg`l .mi`zl midf mixeck n miwlgn lk ziy`x :oexzt
.mi`za mzrted xcqe dxenzd it lr mixeckd z` mixtqnne 1, . . . , n ly

.zeiexyt` n! · CCnk k"dq
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.wix `z oi` ,mipey mi`z k ,mipey mixeck n .6
.k ≤ n ik gipp okle 0 `id daeyzd k > n xear

n − k z` wlgl f`e `z lkl xeck wlgl did oexztd ,midf eid mixeckd m`
dxitql liaei o`k ef dyiba hewpl oeiqp .zexfg mre xcql zeaiyg ila mixzepd
-ny xeck zeidl xgaii 1 xy`k zg` mrt xtqii df `z eze`a 1, 2 m`) dletk
oey`xd alya wlegn 2-yk mrte ,ipyd alya wlegn 2-e oey`xd alya wleg

.(ipyd alya 1-e
."wix i `zd" didz Pi dpekzd .dcxtde dlkd zervn`a xeztp z`f mewna

eidiy ick mi`z k jezn r xegal mikxcd xtqn :`ad ote`a aygp w (r) z`
.((k − r)n) mixzepd mi`zd k − r-l mixeck ly ziyteg dwelge ,(

(
k
r

)
) miwix

daxnl .zeiexyt` T (n, k) =
∑k
r=0 (−1)

r (k
r

)
(k − r)n oexztd z` lawp

.dxebq dgqep oi` ,xrvd

.wix `z oi` ,midf mi`z k ,mipey mixeck n .7
xtqn ."zewix `l zexf zeveaw k-l mixtqn n ly dwelg"l lewy geqip edf

.

{
n
k

}
minrtl oneqne "ipyd beqdn bpilxihq xtqn" `xwp ,S (n, k) ,df

xtqna wlgp zrk .T (n, k) - mipey mi`z k-l mixeckd z` wlgp :oexzt

.S (n, k) = T (n,k)
k! lawpe mi`z ly miiniptd mixcqd

zraep mi`pzdn :wix `z oi`e mipey mi`z ly edylk xtqn ,mipey mixeck n .8
.mcewnk T (n, k) lawp k lkle ,k ≤ n dyixcd

.Q (n) =
∑n
k=1 T (n, k) =

∑n
k=1

∑k
r=0 (−1)

r (k
r

)
(k − r)n `id daeyzd

,B (n) ,df xtqn .wix `z oi`e midf mi`z ly edylk xtqn ,mipey mixeck n .9
"la xtqn" `xwp

bpilxihq ixtqn ly mrtd ,mekqk oexztd z` bivdl xyt` o`k mb ,8-a enk
:ipyd beqdn

B (n) =
∑n
k=1 S (n, k)

pk (n)-a oneqn .wix `z oi`e midf mi`z k ,midf mixeck n .10
lkay jk ,lkd jqa zevayn n-e zexey k mr dlah :bp`i ze`lah xtqnl ddf

.dl dncwy dxeya xy`n zevayn xzei oi` dxey
-xceqny miirah mixtqn k ly mekqk n z` aezkl zeiexyt`d xtqnl ddf
ly dwelgd zeiexyt` yely od 1 + 1 + 1 = 1 + 2 = 3 :lynl) dler xcqa mi

.(3
:d`ad dbiqpd zgqep zniiw

pk (n) = pk−1 (n− 1) + pk (n− k)
xeck weica yi mi`zd cg`a day div`ehiql mi`zn oey`xd xaegnd o`k
-xeck ipy zegtl yi mi`zd lka day div`ehiql mi`zn ipyd xaegnde ,cg`

.mi
:dlgzd i`pz

(mi`z qt`l mixeck qt` ly "dwix" dwelg) p0 (0) = 1
,mixeck oi`e mi`z ly iaeig xtqn yi m`) k > 0-e n ≤ 0 xy`k pk (n) = 0

.(wix `z oi`y i`pzd z` miiwl ozip `l
.(mze` wlgl jxc mey oi` ,mixeck yie mi`z oi` m`) n > 0 xy`k p0 (n) = 0
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.p (n)-a oneqn .wix `z oi`e midf mi`z ly edylk xtqn ,midf mixeck n .11
.jkl xarn edyn xnel dyw j` ,p (n) =

∑n
k=1 pk (n) xexiaa

dwixehpianewa zenqxetnd zeivwpetdn `id - "dwelgd ziivwpet" - p (n)
ly dpada drwyed (qxewd swidn zbxegd) dax dceare mixtqnd zxezae

.dzebdpzd

:d`ad dlaha elld mixwnd lk z` mkqp
oeniq/dgqep zetqep zelabd miwix mi`z `za xcq mi`z mixeck dxwn(

k
n

)
xzeid lkl `za 1 xyt` oi` mipey midf 1

k!
(n−k)! xzeid lkl `za 1 xyt` oi` mipey mipey 2

kn oi` xyt` oi` mipey mipey 3(
n+k−1
n

)
oi` xyt` oi` mipey midf 4

n! · CCnk oi` xyt` yi mipey mipey 5
T (n, k) oi` xyt` i` oi` mipey mipey 6
S (n, k) oi` xyt` i` oi` midf mipey 7
Q (n) edylk mi`z xtqn xyt` i` oi` mipey mipey 8
B (n) edylk mi`z xtqn xyt` i` oi` midf mipey 9
pk (n) oi` xyt` i` oi` midf midf 10
p (n) edylk mi`z xtqn xyt` i` oi` midf midf 11

zexvei zeivwpet 8
lkl :n xhnxt xear dxitq zeira od dwixehpianewa miwqer oday zeirad ziaxn
mini`zny mihwiiae`d zenk z` x`zny an xtqn mi`zn n ≥ 0 irah xtqn
,x`iz Dn lynl jk .itivitqd n xhnxtd xear dxitqd ziira ly mipeixhixwl
.xcq zextd ody (xhnxtd `ed lcebd) n lcebn zeivhenxtd xtqn z` ,n ≥ 0 lkl
.an dxcqd zebdpzd z` xzeia aehd ote`a oiadl `id dwixehpianewd ly dxhnd
`evnl miqpne n z` "mi`itwn" epgp` eay dfk did eply dlertd ote` dk cr
aipny dn) dxcqa mixg` mixai` lr jnzqda minrtl ,an xear zitivtq dgqep
zegilvny ,zexcq xe`izl zizedn dpey dyib od zexvei zeivwpet .(dbiqp zgqep
xzei dwfge zillk zeccenzd zxyt`n ef dyib ."zg` zaa" dxcqd lk z` qetzl
,an xear zyxetn dgqep oda `evnl ozip `ly el`k hxtae zeax dxitq zeira mr

.dk cr ecnlpy zehiydn "xzei dylg" zi`xpe zlalan mb `id oey`x hana j`
xeha mincwn xeza dxcqd ixa` z` "lezyl" `ed zexvei zeivwpeta oeirxd
zeivletipn dilr rval ozip okn xg`ly divwpet xicbn dfky xeh ;iteqpi` zewfg
mixlwqa ltk ,zexg` zeivwpet mr xeaig - zeivwpet lr zervazny zeihxcphq
elld zeivletipnd lkl .divxbhpi`e dxifb elit`e dwfga d`lrd ,zexg` zeivwpetae
zxveid divwpetl edylk yxetn iehia `evnl `id dxhnd .zeixehpianew zeiernyn
xear zyxetn dgqep mizrl epnn witdl ozip ,`vnp dfky iehiay rbxn .dxcqd ly
yi oiicr xyt`zn epi` xacdy dxwna mbe ,mxear dbiqp zgqep e` dxcqd ixa`
qxewa elld migezipl qpkip `l) dxcqd ly lecibd avw znbec witdl ozipy rcin

.(df
:mday heytd z` wx bivp df qxewae zexvei zeivwpet ly mibeq xtqn miniiw

`id dxcqd ly zxveid divwpetd ,{an}∞n=0 dxcq xear (zxvei divwpet) 8.1 dxcbd
.
∑∞
n=0 anx

n iehiad
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znbeck zewfg ixeh ly zeqpkzdd megzl zeaiyg yi ilxbhpi`e il`ivpxtic oeayga
el` mihxty jk x jeza mikxr zavdl aly meya wwcfp `l ep` j` ,

∑∞
n=0 anx

n

.epixear miihpeelx eidi `l
dxcqd lrk dilr aeygl ozipy) 1, 2, 1 ziteqd dxcqd ly zxveid divwpetd

.f (x) = 1 + 2x+ x2 `id (1, 2, 1, 0, 0, . . . ziteqpi`d
ziteq `id dxcqd m` wxe m` mepilet `id dxcq ly zxvei divwpet ,illk ote`a

.(miieqn mewnn lgd miqt` wx dlikn)
zervn`a .f (x) =

∑n
i=0

(
n
i

)
xi zxvei divwpet yi

(
n
0

)
,
(
n
1

)
, . . . ,

(
n
n

)
dxcql

.f (x) = (1 + x)
n :iehiad z` hytl ozip oeheip ly mepiad

ozip aexl - zexvei zeivwpet ly axd ogekl minxebdn cg` lr dcirn ef dnbec
.zeixabl` zeivletipn ea rval lwy heyt iehia odl zzl

.f (x) =
∑∞
n=0 x

n = 1
1−x zxvei divwpet yi 1, 1, 1, . . . dxcql

dgqepa yeniyd .iqcpd xeh ly mekql zxkend dgqepd `ed oexg`d oeieeyd
dpigan recn xaqd ;lalan zeidl ieyr xtqn lrk x lr miayeg eppi`y zexnl efd

.gtqpa ozpii oihelgl dpiwz ef dgqep zihnzn
.zexvei zeivwpet mr rval ozipy zeiqiqad zelertd xe`izl zrk xearp

mihwiiae`d xtqn z` x`zn an-y jk zexcq {bn}n≥0-e {an}n≥0 eidi 8.2 htyn
eidie ,B dwlgna n lcebn mihwiiae`d xtqn z` x`zn bn-e A dwlgna n lcebn

.zeni`znd zexveid zeivwpetd a (x) , b (x)

e` `ed n lcebn C-a hwiiae` lk xnelk ,xf cegi`de C = A ∪ B m` (xeaig) .1
c (x) = f` ,A ∩ B = ∅-e B-a n lcebn hwiiae` e` A-a n lcebn hwiiae`

.a (x) + b (x)

xai`e A-n xai` ly bef `ed n lcebn C-a xai`y jk C = A × B m` (ltk) .2
.c (x) = a (x) b (x) f` ,n `ed mdly milcbd mekqy B-n

jk A-n mixai` ly ziteq dxcq `ed C-a xai` xnelk C = A∗ m` (dxcq) .3
,0 lcebn mixai` A-a oi`e dxcqd ixa` ilcb mekq it lr rawp xai` lceby

.c (x) = 1
1−a(x) f`

.gtqpa eze` gikep ;zewfg ixeh ltke xeaig ly zeiqiqad zepekzdn raep htynd
.ze`nbecl zrk xearp

lcebn mixai`d f` ,envr xtqnd heyt `ed xtqn ly lcebdy jk A = N m`
d`eeynl oexzt epiidc ,n mnekqy miirah mixtqn ly zei-k-d weica md Nk-a n
divwpetd ,ipy cvn .Nk-a n lcebn mixai`

(
n+k−1
k−1

)
yi xnelk ,x1 + · · · + xk = n

`id Nk ly zxveid divwpetd okle 1 + x+ x2 + · · · = 1
1−x heyt `id N ly zxveid

:d`ad ziyeniyd zedfd z` eplaiw . 1
1−x ly k zwfga d`lrd

1
(1−x)k =

∑∞
n=0

(
n+k−1
k−1

)
xn

opexzte dbiqp ze`gqep 9
mlek mikzgpy mixyi dyely oi` xnelk ,illk mewina xeyina mixyi n mipezp

?xeyind z` miwlgn md miwlg dnkl .dcewpd dze`a
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`ed ,ycg xyi sqeezne xeyina migpen xak mixyi n− 1 m`y ze`xl dyw `l
xaky mixyid cg` z` ybet `ed day mrt lka - miycg miwlg n xeyinl siqen
wlgn `ed jkl sqepae ,qpkp `ed eil`y xefi`d z` miipyl wlgn `ed ,miniiw
dgqepd z` epl ozep df .edylk xyi ybt `edy iptl did `ed eay xefi`d z` miipyl

:d`ad ziaiqxewxd
(ccea wlgn akxen llk mixyi `ll xeyind) a0 = 1

an = an−1 + n
mikxc yely bivp .d`eeynl xebq oexzt efd dbiqpd zgqepn witdl mipiipern ep`

:z`f zeyrl zepey

.zipyp davd .1

.zipiite`d d`eeynd zhiy .2

.zexvei zeivwpet .3

zipypd davdd zhiy 9.1

dnvra aeye aey ziaiqxewxd d`eeynd z` aivdl ozipy jk lr miknzqn ef dhiya
ozipy `id deewzd .ziaiqxewx dpi`y dgqep lawzz minrt n z`f miyery xg`le
zeizxivi yxecy dn) elld zepypd zeavdd jldna zxvepy zeiwegd z` zelbl didi

.(mizrl
:eply dnbecd xear

an = an−1 + n

= an−2 + (n+ n)− 1

= an−3 + (n+ n+ n)− (1 + 2)

= an−4 + (n+ n+ n+ n)− (1 + 2 + 3)

.an = an−k+kn−(1 + 2 + · · ·+ (k − 1)) `id o`k zillkd dxevd xexiaa .d`ld oke

:lawpe ,1 + 2 + · · ·+ k − 1 = k(k−1)
2 :zipeayg dxcql dgqepa ynzyp

.an = an−k + kn− k(k−1)
2

:lawl ick a0 = 1 dlgzdd i`pza ynzype k = n aivp miiql ick

an = 1 + n2 − n(n−1)
2 = 2+2n2−n2+n

2 = n2+n+2
2 = 1 + n(n+1)

2 = 1 +
(
n+1
2

)
.da miphw mikxr zavd ici lr d`vezd zepekp z` wecal ulnen df alya

zipiite`d d`eeynd zhiy 9.2

dgqepa davdne oexztd ly zillkd dxevl "yegip" mr miligzn ep` ef dhiya
gikedl jxev yi oexztd zxev d`vnpy xg`l ,zilnxet .wiecna oexztd z` milawn
wx `l` oekp oexztd ik dgiken dpi` davdd oky ,oexztd ok` edf ik divwecpi`a
dxevd `id ezxev m` oexztd ly miwiiecnd mixhnxtd zeidl mikixv dn d`xn

.epygipy
,an = An2 +Bn+C `id illkd oexztd zxevy ygpp eply dbiqpd zgqep xear

:lawpe ziaiqxewxd d`eeyna aivp
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An2 +Bn+ C = A (n− 1)
2

+B (n− 1) + C + n
:heyite miixbeq zgizt ixg`e

A (2n− 1) +B = n
ciin dpnn eplaiwy jk ,n = 0, 1 xear hxtae ,n lkl zniiwzn efd d`eeynd

:ze`eeyn izy
−A+B = 0
A+B = 1

.A = B = 1
2 `ed opexzty

.C = 1 lawp a0 = 1 dlgzdd i`pzn ok enk

.an = n2+n
2 + 1 = 1 +

(
n+1
2

)
`id illkd oexztd zxevy eplaiw

zexvei zeivwpeta yeniy 9.3

dlgzdd i`pzne dbiqpd zgqepn f` .an dxcqd ly zxveid divwpetd f (x) `dz
:d`ad d`eeynd z` milawn ep`
f (x) = xf (x) + x

(1−x)2 + 1

:xaqd
lr dxcqd ixa` lk lr "dpini dffd" revia ly drtydd ef - an−1 `ed xf (x)-d

.x-a ltk ici
x

(1−x)2 = ok lre ,mcew epi`xy ze`gqepd it lr 1
(1−x)2 =

∑∞
n=0 (n+ 1)xn

:zxg` dhiy) n `ed i-n-d xai`d da dxcqd ly zxveid divwpetd `id
∑∞
n=1 nx

n

.(
∑∞
n=1 nx

n = x ·
(

1
1−x

)′
= x

(1−x)2

.dlgzdd i`pz `ed +1-d
:lawpe f (x) z` ulgp lirl d`eeyndn

f (x) = x
(1−x)3 + 1

1−x

z` milawn x-a ltk ici lr okle
∑∞
n=0

(
n+2
2

)
xn `ed 1

(1−x)3 ly xehd ,xekfk

∞∑
n=0

(
n+ 2

2

)
xn+1 =

∞∑
n=0

(
n+ 1

2

)
xn

.aey ,1 +
(
n+1
2

)
`ed dgqepd oexzty lawp okle ,

∑∞
n=0 x

n `ed 1
1−x ly xehd

II wlg

mitxbd zxezl `ean
ze`nbece dxcbd - mitxb 10

.dwihnzna zereci zeira xtqna gztp
dze` xiivl ozip m`d .mze` mixagnd mieewe micewcewn zakxend dxev dpezp

?scdn hrd z` mixdl ilan
xy` xzeia heyte liri mzixebl` miiwy xazqn ;zinzixebl` drxkd ziira idef
sxb lrk dxevd lr daiyga uerp oexztd .qxewd jynda eze` d`xpe ,dze` rixkn
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miiw m`d dl`yl scdn hrd z` mixdl ilan dze` xiivl ozip m`d dl`yd mebxze
.ixlie` lelqn mi`znd sxba

izyy jk ,cala mirav drax` mr dze` reavl ozip m`d .idylk dtn dpezp
?`ad eze`a zereav opi` zekenq zepicn

-py d`nn dlrnl dgezt dziidy ,ce`n znqxetnd miravd zrax` ziira idef
-d d`nd ly 70-d zepya (mirav drax`a ic ;ziaeig daeyz mr) dxztpy cr mi
dgeqipa .(zillkd dgkedl eyxcpy miihxt mixwn itl` wcay) aygn reiqa ,20

?riav-4 `ed ixeyin sxb lk m`d dl`yd `id miravd zrax` ziira ihnznd
zia lk xagl ozip m`d .fbe lnyg ,min ly zexewn dyelye miza dyely mipezp
mizade xiip sc lr xiievn lkd) ?ekzgii mixeaig ipyy ilan zexewnd zyely lkl

.(zecewp md zexewnd
`lnd iccv ecd sxbdy dprhd idef ihnznd dgeqipa .`l `id ef diral daeyzd

.ixeyin eppi` K3,3

cg` lelqn miiw mi`z ipy lk oia eay jean liri onfae i`xw` ote`a zepal yi
.cigie

minzixebl` miniiw ;`ln sxb ly yxet ur zepal o`k miywan ihnzn geqipa
oia xeaigl "xign" yi day xzei hrn zillk dira oexztle) ef dira oexztl miliri

.(ilnipin xign lra jean mivexe mi`z ipy lk
ozip m`d .mixabdn wlga zpiipern dyi` lky jk miyp n-e mixab n mipezp
zpiipern `idy xab milawn dyi` lky jk inbepen ote`a miypl mixabd z` wlgl

?ea
.xyt`zn xacd eay i`pz ly dwical lwe wiecn xe`iz ozep led ly dpezgd htyn

.iccv ec sxba mlyen jeciy yi mi`pz eli`a dl`yd idef ihnzn geqipa
.zeiqiqa zepga`e ilnxet xe`izl zrk xearp

(mitxb) 10.1 dxcbd

`id E-e ("micewcew") idylk dveaw `id V xy`k G = (V,E) bef `ed sxb •
.("zezyw") micewcew ly zebef sqe`

.zeliawn zezyw ze`xwp od u znev l` v znevn zezyw xzei e` miizy yi m` •

.invr beg z`xwp `id v l` v-n zyw yi m` •

.miinvr mibege zeliawn zezyw `ll sxb `ed heyt sxb •

dxwna) v l` u-n zywn dpey zaygp u l` v-n zyw eay sxb `ed oeekn sxb •
.(zeliawn zezyw e`xwii `l ode oeeik lka zyw zeidl dleki df

zexaegny sxba zezywd xtqn `id ,d (v) zpneqnd ,v ∈ V znev ly dbxc •
.v l`

zezywd xtqn `id ,din (v) zpneqnd ,v znev ly dqipkd zbxc ,oeekn sxba •
.v-n ze`veiy zezywd xtqn `id dout (v) d`ivid zbxc ;v l` zeqpkpy

.0 dbxcn znev `id zccean znev •

.zeiteq V,E zeveawd m` iteq `ed G = (V,E) sxb •
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:heyt htyn gikedl ozip zrk xak

zebxc mekq -
∑
v∈V d (v) = 2 |E| miiwzn G = (V,E) iteq sxba 10.2 dprh

.zezywd xtqn miinrt `ed micewcewd

,dpey`xd jxca .zepey mikxc izya zywe cewcew ly xeaig zecewp xetqp :dgked
micewcew ipyl weica zxaegn `id ik dxitql 2 siqep zyw lkle zyw zyw xearp
z` dxitql siqep cewcew lkle cewcew cewcew xearp dipyd jxca .2 |E| eplaiw -

.
∑
v∈V d (v) eplaiw - ea zerbepy zezywd lk

:zexcbdl xefgp

(mixiyw mitxb ,milelqn) 10.3 dxcbd

mikenq miznv ipy lk oiay jk v1, v2, . . . , vn miznv ly dxcq `ed sxba lelqn •
leki lelqn .(vi+1 l` vi-n `id zywd ,oeekn sxbd m`e) zyw yi dxcqa
aexl oneqn lelqn .(dxcql oexg` xai` oi` heyt f`e) iteqpi` mb zeidl

.v1 → v2 → · · · → vn xeza

zyw lk) lelqna mixaer oday zezywd xtqnk `ed iteq lelqn ly jxe` •
v1 → · · · → vn lelqnd jxe` xnelk ,(da mixaery minrtd xtqnk zxtqp

.n− 1 `ed

lk) v1 = vn :meiqd znevl ddf dlgzdd znev eay lelqn `ed sxba lbrn •
.(meiqe dlgzd znevk ynyl leki lbrnd lr znev

mrtn xzei znev dze`a mixaer mpi` md m` miheyt md lbrn e` lelqn •
heyt lbrn ok enk .lbrn ly dxwna meiqde dlgzdd zecewp hrnl ,zg`

.zegtl 3 jxe`n zeidl yxcp

.lelqn miiw sxba miznv ipy lk oia m` xiyw `ed sxb •

xg` znev lk l` znev lkn sxba lelqn miiw m` ahid xiyw `ed oeekn sxb •
.(mipeekn mitxb ly dxwna xzei ziaihi`ehpi`d dxcbdd idef)

xiyw `ed G = (V,E) oeekn `l sxb (sxb ly zexiywl iaihpxhl` oeit`) 10.4 htyn
zewix `l zeveaw izy ly xf cegi`l V ly dwelg - ely jzg lka m` wxe m`
,oeekn sxb xear) Y -a idylk znevl X-a idylk znevn zyw zniiw - V = X ∪ Y

.(X l` Y -ne Y l` X-n zyw yi jzg lka m` wxe m` ahid xiyw sxbd

f` zewix `l X,Y .jzg V = X ∪ Y `die xiyw G ik gipp :cg` oeeik :dgked
jk v1 → v2 → · · · → vn lelqn miiw xiyw sxbdy oeeikn .x ∈ X, y ∈ Y yi

.v1 = x, vn = y-y
vn = y ∈-y oeeikn .vi ∈ Y -y jk vi lelqna znev ly ilnipind qwcpi`d i `di
okle vi−1 ∈ X-y dler i ly zeilnipindn .2 ≤ i ≤ n-y ixd ,v1 = x /∈ Y -e Y

.yxcpk ,Y l` X-n zyw `id (vi−1, vi)
,mdylk x, y ∈ V eidi .xiyw sxbdy gikepe miiwzn oeixhixwdy gipp :ipy oeeik
gxkda .G-a mdil` x-n lelqn yiy miznvd zveaw xeza U ⊆ V dveaw xicbpe
U = V m` .dwix `l U-y o`kne ,0 jxe`a envrl x-n lelqn miiw ik x ∈ U
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zyw zniiw okle V ly jzg `ed V = U ∪ (V − U) zxg` ;y ∈ U ik epniiq f`
v l` x-n lelqn yi okle u l` x-n lelqn yi la` .v ∈ V − U l` u ∈ U-n
,U = V -y o`kn .v ∈ V − U-y jkl dxizqa v ∈ U f` la` ,(x → · · · → u → v)

.yxcpk

miip`ixlie` milelqn 11
.xlie` ly eini ly bxaqbipw xird ztn dpezp

leih `evnl :xbz`d .mixyb yi xdpd lre zenewn xtqna xdp dveg xird z`
.zg` mrt weica xyb lka xaery xira

lkl zywe xird ly xefi` lkl cewcew - mitxb zervn`a dirad z` lcnl xyt`
.zeliawn zezyw mr oeekn `l sxb lawzn .xyb

?zg` mrt weica zyw lka xaery lelqn sxba miiw m`d :dl`yd

.ip`ixlie` lelqn `xwp zg` mrt weica zyw lka xaery sxba lelqn 11.1 dxcbd
.ipehlind lelqn `xwp zg` mrt weica znev lka xaery sxba lelqn

lbrne ip`ixlie` lbrn `xwp zg` mrt weica zyw lka xaery sxba lbrn ,dneca
lbrn `xwp zg` mrt weica (meiqde dlgzdd znevl hxt) znev lka xaery sxba

.ipehlind

ici lr dxztpe dheyt `id sxba ip`ixlie` lelqn miiw m`d dwica ly dirad
oiivn `edy mixne` df oexzt lr) bxaqbipw ly mixybd ziiral illk oexztk ,xlie`
ipehlind lelqn miiw m`d dwica ly dirad ,z`f znerl .(mitxbd zxez zcled z`
zenly ikxvl miipehlind milelqn epxkfd ;df qxewa da weqrp `le dyw `id sxba

.cala

ilbrn ixlie` `xwpe ,ip`ixlie` lelqn ea miiw m` ixlie` `xwp G sxb 11.2 dxcbd
.ip`ixlie` lbrn ea miiw m`

:f` ,xiywe iteq sxb G `di (xlie`) 11.3 htyn

.v ∈ V lkl zibef d (v) m` wxe m` ilbrn ixlie` `ed G .1

.v ∈ V miznv ipy xear weica ibef i` d (v) m` wxe m` ixlie` `ed G .2

dbxcn miznv ipy weica G-a m` .gked xak 1-y ozpida 2 z` gikep ziy`x :dgked
xaky zezywl dliawn didz `idy okzii) mze` zxagny zyw siqep zibef i`
gwip .ip`ixlie` lbrn ea miiwe zibef sxba miznvd lk zbxc zrke (mze` zexagn
miznvd z` gixkp jkae) eptqedy zywd ipt lr xarnd z` epnn xiqpe lbrnd z`

.G-l ixlie` lelqn eplaiwe (lawznd lelqna oexg`de oey`xd zeidl miibef i`d
dlgzdd znev z` xagp ,ea ixlie` lelqn gwip f` ixlie` `ed G m` ,ipyd oeeika
xg`l okle ,zibef ea miznvd lk zbxc okle ,ixlie` lbrn mr sxb lawpe zywa meiqde
mdly miznvd - zibef i` `id miznv ipy weica zbxcy lawp eptqedy zywd zxqd

.zyw eptqed
v1 → v2 → · · · → v1 `die ilbrn ixlie` `ed G-y gipp .1 zgkedl zrk xearp
dpen licbp epnn `vp e` znevl qpkip day mrt lkae lbrnd lr liihp .ea ixlie` lbrn
didi znev ly ly dpend lbrnd lr leihd meiqay al miyp .1-a znev eze` xear
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zxaegnd zyw lkle ,sxba zezywd lk lr mixaer epgp` oky d (v)-l weica deey
epgp` xy`k m`e eil` miqpkp epgp` xy`k m`) ely dpend z` milicbn ep` v-l

.(mi`vei
minrtd xtqnl deey eil` miqpkp ep`y minrtd xtqn ,znev lkly al miyp zrk
v1 xear hrnl eil` mi`vei mb epgp` znevl dqipk lk ixg` ik) epnn mi`vei ep`y
eil` miqpkp ep` dipyd mrtae ,qpkidl ilan epnn mi`vei ep` (dlgzda) zg` mrty

.cinz ibef d (v)-y o`kn .mipf`zn ep` aeyy jk ,z`vl ilan
G xiywd sxba miznvd lkl ibef d (v)-y gipp .dgkedd xwir `ed ipyd oeeikd

.ixlie` lbrn ea miiw ik gikepe
xy`k ,oihelgl i`xw` ote`a epnn lgd sxba liihpe v ∈ V izexixy znev xgap
epl ghaen ,zibef znev lk zbxcy oeeikn .da mixaer ep`y zyw lk miwgen ep`
okn xg`l dpnn z`vl mileki mb ep` v dpi`y znevl miqpkp ep` day mrt lkay
sxba eply leihdy o`kn .v l` dxfg ici lr wx `l` "rwzidl" mileki eppi` okle

.lbrn gxkda xevii
.zeibef zebxcd lky i`pzd xnyp oiicr sxbdn lbrnd zezyw lk zwign xg`l
,sqep lbrn lawle (0-n dlecb dzbxcy znevn lgd) jildzd lr aey xefgl ozip okl
jildzd okle ,xzei ohwl jted sxba exzepy zezywd xtqn mrt lka .d`ld oke
milbrn ly C1, C2, . . . , Ck dxcq lawzze micrv ly iteq xtqn xeark miizqi

.sxbd zezyw lk z` milleky sxba
u m` :`ad ote`a cg`l ozip ztzeyn znev ilra milbrn bef lky al miyp
,u `id ely dlgzdd znevy lbrn milbrnd ipyn dpap f` ,ztzeynd znevd `id
ipyd lbrnd enk mikiynn f`e ,u-a miniiqne oey`xd lbrnd lr enk mikled dixg`l

.(yxcp `l df j` ,heyt epi` lbrnd ,oaenk) u-a miniiqne
lawzn seqal m` .z`f dyrp ,C1, . . . , Ck jezn milbrn bef cg`l ozip cer lk
G-y oeeikn .milbrnd cg` ly miznvd zveaw C `dz ,zxg` ;epniiq ,cg` lbrn wx
zkiiy zyw lky oeeikn .v ∈ V − C znev l` C-a u znevn zyw zniiw ,xiyw
dler o`kn la` (v /∈ C ik) C eppi`y lbrnl zkiiy (u, v) zywd mb ,edylk lbrnl
ipy oi`y jkl dxizqa ,C-le lbrnl szeyn `ed okle dfd lbrnl jiiy u znevdy

.szeyn znev ilra milbrn

:mipeekn mitxb xear mb htynd ly geqip miiw

.xiywe oeekn ,iteq sxb G `di (mipeekn mitxbl dqxb ,xlie`) 11.4 htyn

.din (v) = dout (v) miiwzn v znev lkl m` wxe m` ilbrn ixlie` `ed G .1

v, u miznv ipyl hxt miznv bef lkl din (v) = dout (v) m` wxe m` ixlie` G .2
:miniiwn xy`

din (v) = dout (v) + 1 (`)

dout (u) = din (v) + 1 (a)

zpeeknd dqxbd ly mi`pzd ;libxd xlie` htyn ly dgkedl dnec dgkedd :dgked
.izedn iepiy `ll dgkedd dze` z` lirtdl mixyt`n htynd ly
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oiiexa-dc itxb 12
xcbend oeekn sxb `ed ,Gσ,n oneqnd ,σ, n mixhnxt mr oiiexa-dc sxb 12.1 dxcbd

:`ad ote`a

jezn n − 1 jxe`n zfexgn ici lr oneqn cg` lky miznv σn−1 dlikn V •
.Σ = {0, 1, . . . , σ − 1} a"`d

.Σ jezn n jxe`n zfexgn ici lr zpneqn zg` lky zezyw σn dlikn E •

.b2b3 . . . bn znevl zqpkpe b1b2 . . . bn−1 znevdn z`vei b1b2 . . . bn zywd •

.ilbrn ixlie` `ed Gσ,n sxbd σ, n lkl 12.2 dprh

Gσ,n-ye ,din (v) = dout (v) znev lkly ze`xdl ic ,xlie` htyn it lr :dgked
.xiyw

v = znevl u = a1a2 . . . an−1 znevn lelqn d`xp .ahid xiyw Gσ,n ,dyrnl
:b1b2 . . . bn−1

a1a2 . . . an−1 → a2 . . . an−1b1 → · · · → b1b2 . . . bn−1

ly dlindn ez mi`ivene v ly dlina ez cer oini cvn miqipkn crv lka ,xnelk
.zeniiw zeni`znd zezywdy ze`xl lw .u

zeqpkp zezyw oia lre r"gg dn`zdl al miyp din (v) = dout (v)-y ze`xl ick
zqpkpd zywd oia mi`zp f` ,edylk σ ∈ Σ-e v = a1 . . . an−1 m` :v-n ze`veie
.lre r"gg dn`zd ok` idef ik ze`xl lw .a2 . . . an−1σ z`veid zywde σa1 . . . an−1

:G2,3 sxba ixlie` lbrn
001→ 011→ 111→ 110→ 101→ 010→ 100→ 000

lka) 8 jxe`a dxcqk lelqnd lk z` x`zle zxvewn daizka ynzydl ozip
.00111010 :zfexgnl sqeezny ycgd ezd x`ezn mrt

:zywaznd dxeva lilkdl ozip efd dnbecd z`

w ∈ Σn lkl m` oiiexa-dc (σ, n) zxcq z`xwp a1a1 . . . aσn dxcq 12.3 dxcbd
(σn elecen mpid miqwcpi`d) w = aiai+1 . . . ai+n−1-y jk i miiw

dlin lky jk Σ jezn zeize` ly dxcq `id oiiexa-dc zxcq ,ilelin geqipa
,zilwivk dlind lr miayeg m`) sivx ote`a edyizn da driten Σ lrn n jxe`n

.(dzligzl xaegn dteqy xnelk

.oiiexa-dc (σ, n) zxcq yi σ, n lkl 12.4 dprh

e1, e2, . . . , eσn eidi .ixlie` lbrn ea miiw ,epi`xy itk .Gσ,n oiiexa-dc sxba opeazp :dgked
-ecpi`d ote`a oiiexa dc zxcq dpap .lbrna zeriten od eay xcqd itl sxba zezywd
dpexg`d ze`d z` dl siqep exeza ei lkl okn xg`le ,e1-a dligzn `id :`ad iaihw
lawp ,mieez σn − n cer mitiqen epgp`e n `ed e1 jxe`y oeeikn .σn − n-l cr ei-a
driten dlin lky oeeikne ,ixlie`d lbrnd z` wiecna zx`zny σn jxe`n dxcq

.epniiq ,lbrna zywk
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mivr 13

miiqiqa mipeit`e dxcbd 13.1

:ze`ad zepekzd izy z` miiwnd G heyt sxb `ed ur 13.1 dxcbd

.xiyw G •

.milbrn xqg G •

:3milewy mi`ad mi`pzd 13.2 htyn

.ur `ed G .1

qgia ilniqwn `ed G) lbrn zxvei G-l zyw lk ztqeze milbrn xqg G .2
("milbrn xqg" dpekzl

qgia ilnipin `ed G) xiyw `ll eze` jetdz G-n zyw lk zwigne xiyw G .3
.("xiyw" dpekzl

.v l` u-n cigi heyt lelqn miiw u, v miznv bef lkl .4

.zexixb zxyxy zervn`a gikep :dgked
z` G-l mitiqen ik gipp .dxcbd it lr milbrn xqg `ed ur `ed G m` :2 ⇐ 1
oeeikne u → · · · → v v l` u oia lelqn miiw xak xiyw G-y oeeikn ;(u, v) zywd
seqa dze` siqedl ozip okle (u, v) jxc xaer `l lelqnd ,sxba dziid `l (u, v)-y

.u→ · · · → v → u lbrnl eze` milydle lelqnd
ipy oky ,cigi `ed lelqn mdipia miiw m` .u, v ∈ V miznv ipy gwip :4 ⇐ 2
ik gikedl xzep okl .milbrn xqg G-y oezpe lbrn zlawl cg`l ozip mipey milelqn
.u→ v lelqnd mdipia miiw f` (u, v) zywd G-a zniiw m` .lelqn mdipia miiw
xqg `ed G-y oeeikn ;lbrn xeviz G-l dztqed f` ,sxba dpi` (u, v) zywd m`
ila) u → v → · · · → u dxevdn `ed okle (u, v) jxc xearl aiig lbrnd milbrn
xak G-a miiwy o`kne (u `ed meiqde dlgzdd znevy gipdl ozip zeillkd zlabd

.v → · · · → u - lelqn
o`kn ;sxba zyw (u, v) `dz .lelqn miiw miznv bef lk oia ik xiyw G :3⇐ 4
didi `l (u, v) zywd xqez m` okle ,v l` u-n sxba cigid lelqnd `ed u→ v-y

.xiyw zeidl wiqti sxbde v l` u-n lelqn
u→ v → · · · → heyt lbrn ea miiwy dlilya gipp .oezpd it lr xiyw G :1⇐ 3
f` ,(heyt lbrna miinrt ritedl leki epi` v ik) w 6= v heyt lbrndy oeeikn .w → u
zywa ynzydy ea lelqn lk :xiyw zeidl siqei sxbd (u, v) zywd zxqd xg`l

.mewna v → · · · → w → u lelqna zkll leki (u, v)

.(mixf mivr cegi`) milbrn xqge heyt sxb `ed xri 13.3 dxcbd
.1 dbxcn znev `ed edylk sxba dlr

zveaw :milewy mi`ad mi`pzd zrax` eitl zix`pil dxabl`n htynl df htyn oia oeincl al eniy3

`id mixehwe zveaw ,zix`pil zelz-i`l qgia zilniqwn `id mixehwe zveaw ,qiqa `id mixehwe
eppi` oeincd .dveawd ixa` ly cigi ix`pil sexivk daizkl ozip xehwe lke ,dyixtl qgia zilnipin

.mici`exhnl zeiq`lwd ze`nbecd izy md mitxbe miixehwe miagxn - ixwn
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.milr ipy zegtl miniiw zegtl zg` zyw oa iteq xria 13.4 dprh

jxe` okle iteq sxbd oky dfk miiw) ilniqwn jxe`a heyt lelqn sxba gwip :dgked
zeaiig meiqde dlgzdd zecewp .(ea miznvd xtqn ici lr meqg heyt lelqn lk
dpi` dlgzdd znev m` ;lelqnd z` jix`dl didi ozip ok `l m`y ,milr zeidl
sxba didi ok `l m`y) lelqnd lr zeidl `l aiigy sqep znevl zxaegn `id ,dlr
xarn ztqed ici lr lelqnd z` aigxdl ozip okle ,(xri `edy jkl dxizqa ,lbrn

.znevd eze`l

.|E| = n− 1 f` miznv n = |V | lra ur `ed G = (V,E) m` 13.5 dprh

.miznvd xtqn - n lr divwecpi`a gikep :dgked
zezyw n−1 = 0 weica yi G-a df dxwna :n = 1 xear `ed divwecpi`d qiqa

.(miznv ipy zegtl zyxec zyw ik)
.zezyw n weica yi miznv n+1 lra uray gikepe n xear dprhd zepekp z` gipp
miznv n oa sxb lawp ,urdn dlrd z` xiqp m` .dlr miiw G-a ,13.4 dprh it lr
zezyw n − 1 ea yi okl .(urd zexiywa zrbet dpi` dlr zxqd oky) ur `ed mby
,urd-zz ly zezywd n − 1) zezyw n yi G-ay o`kne ;divwecpi`d zgpd it lr

.(dlrd l` urd-zz z` zxagny zywd cere

.miznv n = |V | lra iteq sxb G = (V,E) `di 13.6 dprh

.zezyw n− 1 lra milbrn xqg G m` wxe m` ur `ed G .1

.zezyw n− 1 lra xiyw G m` wxe m` ur `ed G .2

xiyw `edy oaenke zezyw n− 1 lra `ed 13.5 dprh itl f` ur `ed G m` :dgked
.zeprhd izyn zg` lka ipyd oeeikd z` gikedl wx xzepy jk ,milbrn xqge

dyrp ,lbrn xevil ilan zezyw G-l siqedl ozip cer lk .milbrn xqg G-y gipp
`ed G′,13.2 dprh it lr .lbrn xeviz zyw lk ztqed eay G′ sxb zlawl cr z`f

.ur `ed G okle ,G = G′ xnelk ,zezyw n− 1 ea yi 13.5 dprhn okle ;ur
dyrp ely zexiywa mebtl ilan zyw G-n xiqdl ozip cer lk .xiyw G-y gipp
dprh it .sxbd ly zexiywa mebtz zyw lk zcxed eay G′ sxb zlawl cr z`f
`ed G okle ,G = G′ xnelk ,zezyw n − 1 ea yi 13.5 dprhn okle ;ur `ed G′,13.2

.ur

mivr zxitql iliiw htyn 13.2

;"mipneqn mivr") V = {1, 2, . . . , n} miznvd zveaw lr mivrd xtqn z` fn-a onqp
.(daxda dyw dirad el`n el` dpgadl mipzip `l urd iznv xy`k

.fn = nn−2 (iliiw) 13.7 htyn

mivrd zveaw oia lre r"gg dn`zd mi`xn ef dgkeda .Prüfer ly dgkedd z` bivp
.{1, 2, . . . , n} a"`d lrn n − 2 jxe`n zefexgnd zveawe V = {1, 2, . . . , n} lr
-xgn mbxznd mzixebl`e ,zfexgnl ur mbxznd mzixebl` zervn`a bvez dn`zdd

.url zfe
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.ur `ed G-y jk G = (V,E) :hlw :TreeToWord mzixebl`
.w = σ1σ2 . . . σn−2 dlin :hlt

:mzixebl`d

:i = 1, 2, , . . . , n− 2 xear .1

extqn zpigan) ilnipind dlrd `ed u-y jk zywd (u, v) ∈ E `dz (`)
.G sxba (ixeciqd

.(G-a u dlrd ly okyd ly ixeciqd extqn `id i-d ze`d) σi = v raw (a)

.G sxbdn u z` xqd (b)

didi '` alyay eil`n oaen `l ;cinz caer mzixebl`dy `id dpey`xd dpga`d
.13.4 dprhn zexiyi raep df j` ,dlr `evnl ozip cinz

zyw s`e ccea znev xzep G-a ,mzixebl`d zvix meiqay `id dipyd dpga`d
diznv ipyn cg` ,G-a zyw lkly o`kn .(miznv n − 1 weica G-n mixiqn oky)

.edylk alya sxbdn xqen
.ixewnd urd z` dxfga dpnn dpeae dlin "gprtn"y mzixebl` bivdl epilr zrk
xnelk ,zefexgne mivr oia dkitd dn`zd epi`xd ,dfk mzixebl` zepal lkep m`

.TreeToWord ly hltd z` aeh xzei oiadl epilr jk myl .lre r"gg dn`zd
.minrt d (v)−1 weica w hlta riten v ,v ∈ V lkly `id miwwfp ep` dl dpga`d
hxt mipky ila xzep `ed xy`k) zg` mrt xzeid lkl sxbdn xqen v-y oeeikn z`f
zfexgnl sqeezn v elld minrtd lkae eiptl mixqen eipkyn d (v) − 1 okle ,(cg`l
znevd `ed v-y e` ,epky `l` zfexgnl sqeezn `l okle xqen v-y e` okn xg`l)

.(xzepy cigid
z` xveiy ur lka dlr `ed v f` ,w-a riten epi` v m`y hxta dler ef dpga`n

.w
-znvd xtqn) n lr divwecpi`a ,w z` xveid cg` ur weica miiw ik gikep zrk

:(mi
miiw ok`e ,dwixd zfexgnd `id w df dxwna :n = 2 xear divwecpi`d qiqa

.{1, 2} miznvd ipy oa cigi ur
ok` `id miline mivr oia dn`zdd ,n′ < n lkl ik dnly divwecpi`a gipp :crv

.lre r"gg
`ed w jxe` oky dfk miiw) w-a riten epi`y ilnipind u ∈ {1, 2, . . . , n} `di
w1 gxkda okl .w z` xveiy ur lka dlr `ed ,w-a riten epi` u-y oeeikn .(n − 2

.w z` xveiy ur lka u ly okyd `ed
zlawl u z` V -n xiqpe w′ = w2 . . . wn−2 zlawl w-n w1 z` "uevwp" zrk

.V ′ = V − {u}
.w′ dlind z` xveid T ′ = (V ′, E′) cigi ur miiwy raep divwecpi`d zgpdn
.cigi ote`a zrawp `id ik epi`xy (u,w1) zywd ztqed ici lr T lawzn df urn

.yxcpk ,w ici lr cigi ote`a rawp T -y o`kn
:dlin ozpida ur dpeay geprt mzixebl` ceari eay ote`d z` deezn mb ef dgked

w = σ1σ2 . . . σn−2 dlin :hlw :WordToTree mzixebl`
G = (V,E) ur :hlt

:mzixebl`d

.S = V ,E = ∅ lgz` .1
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:i = 1, 2, . . . , n− 2 xear .2

.wiwi+1 . . . wn−2-a riten epi`y S-a ilnipind znevd - u z` `vn (`)

.E ← E ∪ {(u,wi)} (a)

.S ← S − {u} (b)

.E ← E ∪ {(u, v)} rva .S = {u, v} df alya .3

mipeekn mivr 13.3

:mipeekn mitxbl urd byen z` lilkdl ick zeyexcd zexcbda gztp

.miznvd lk l` epnn lelqn miiwy znev `ed oeekn sxba yxey 13.8 dxcbd
.yxey el miiwe ur `ed ely zizyzd sxb xy` oeekn sxb `ed oeekn ur

:oeekn ur `ed sxby jkl milewy mipeit` xtqn zzl ozip ,mcewnk

:zelewy ze`ad zeprhd .oeekn sxb G `di 13.9 htyn

.oeekn ur `ed G .1

.cigi `ed eil` yxeydn lelqnd sxba znev lkle yxey yi G-l .2

.1 dqipk zbxc sxba miznvd x`yle 0 ely dqipkd zbxcy yxey yi G-l .3

.yxey xqgl G z` zkted G-n zyw lk zwigne yxey yi G-l .4

-znvd x`yle 0 dqipk zbxc mr cg` znev yi G-le xiyw G ly zizyzd sxb .5
.1 dqipk zbxc mi

.zexixb zxyxy zervn`a gikep :dgked
sxba miiw ik dlilya gipp .v yxey el miiw oeekn ur `ed G-y oeeikn :2 ⇐ 1

ly xeyxyd G ly zizyzd sxba f` ,v
1
 u, v

2
 u milelqn ipy yiy jk u znev

.oeekn ur G-y jkl dxizqa ,ur epi` zizyzd sxb okle lbrn xvei milelqnd ipy
zywdy jk u znev yiy xne` df 0 dpi` v yxeyd ly dqipkd zbxc m` :3⇐ 2
v l` v-n milelqn ipy yiy eplaiw u l` v-n lelqn miiwy oeeikn ;sxba u → v
m` ,dnec ote`a .dxizqa ,envrl v-n wixd lelqnde v  u → v lelqnd - sxba
u2 → u-e u1 → u zezywdy jk u1, u2 yi f` ,2 zegtl dqipk zbxc yi edylk u-l
v  u2 → u lelqnde v  u1 → u lelqnd :u l` v-n milelqn ipy eplaiwe ,sxba

.(yxeydn eil` lelqn miiw `l f` 0 dqipk zbxc el yi m`e)
gxkda .sxba idylk zyw u → w `dz .3 i`pzn ghaen v yxey meiw :4 ⇐ 3
milelqn ipy milawn epiid zxg` v  u → w dxevdn `ed w l` v-n lelqnd
jkae w l` v-n lelqn oi` sxbdn u → w zywd zwgnp m` okl .w l` v-n mipey
gxkda did `ed qt` dziid v ly dqipkd zbxcy oeeikn .yxey zeidl wiqtn v

.yxey xqgl jtd sxbd okle ,sxba cigid yxeyd
ipy lk oia lelqn) xiyw gxkda zizyzd sxb v yxey G-l yiy oeeikn :5 ⇐ 4
zbxc yi v-l .(yxeyd l` mze` mixagny milelqnd ipy xeyxyn dpap miznv
x`yii oiicr v-e sxbdn dze` xiqdl xyt` f` u → v zyw yi m` ik qt` dqipk
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zg` xiqdl xyt` u2 → u-e u1 → u zezyw izy yi m` u znev lkl dneca .yxey
0 dqipk zbxc u-l m`e) yxey xzeei v-y o`kne u l` v-n lelqn xzeei oiicre odn

.(yxeydn eil` lelqn miiw `l f`
.yxey `ed v ik gikep ziy`x .sxba 0 dqipkd zbxc lra znevd v `di :1 ⇐ 5
zizyzd sxba v → w1 → · · · → wk = u lelqn miiw f` ,sxba edylk znev u `di
zezyw oi` m` .lelqnd oeeika zepeekn zezywd lk G-ay ze`xdl xzep ;G ly
zbxc zxg` w1 oeeikl zpeekn zeidl zaiig (u,w1) zywd ,sqepa ;epniiq ,lelqna
-n `id (wi−1, wi) zywd :divwecpi`a jiynp o`kne ,qt`n dlecb v ly dqipkd
weica didz wi ly dqipkd zbxcy ick okle ,divwecpi`d zgpd it lr wi l` wi−1

.wk = u cr jke wi+1 oeeikl zpeekn didz (wi, wi+1) zywdy igxkd 1
miiw ik dlilya gipp .milbrn llek epi` G ly zizyzd sxb ik ze`xdl xzep
ly dqipkd zbxce v-l zqpkp zyw dziid zxg`) eilr zeidl leki epi` v f` ;lbrn
v = u0 → u1 → :lbrnd lr edylk u znev l` v-n lelqna opeazp .(0 dziid `l v
oky i ≥ 1) lbrnd lr `vnpy ilnipind i qwcpi`d lra ui `die ,u2 → · · · → uk = u
epi`y ui−1-n zywd eil` zqpkp cg` cvn f` .(lbrnd lr zeidl leki epi` v ik epi`x
ely dqipkd zbxc okle ,lbrnd lr oky znevn zyw eil` zqpkp ipy cvne ,lbrnd lr

.oezpl dxizqa ,2 zegtl `id

:miiteq mipeekn mitxb xear wx swz `ed oky dniyxdn ephnydy cg` oeit` cer epyi

`id r ly dqipkd zbxc m` wxe m` r yxey lra ur `ed G oeekn sxb 13.10 dprh
.milbrn xqg G ly zizyzd sxbe ,1 `id sxba miznvd x`y ly dqipkd zbxc ,0

okle ur `ed zizyzd sxb f` r yxey lra oeekn ur `ed G m` - lw cg` oeeik :dgked
zebxcd lr zyxcpd dpekzd z` zxxeb ur G ly ezeid ik epi`x xake ,milbrn xqg

.(13.9 htyna 3 oeit`)
-zyzd sxb zexiyw z` xexbi mby dn) yxey `ed r ik ze`xdl epilr ipyd oeeika
,i lkle u1 = u :`ad ote`a u1, u2, . . . dxcq dpap .sxba edylk znev u `di .(zi
ui ly dqipkd zbxc ik ,ui 6= r cer lk dfk znev yi .ui l` qpkpy znevd `ed ui+1

.1 `id
uj → :sxba lbrn eplaiw f` .ui = uj-y jk i < j miniiw ik dlilya zrk gipp
ozipy oeeikn .el`n el` mipey dxcqd ixa` lky o`kn .uj−1 → · · · → ui = uj
sxba miznv ly iteq xtqn wx yie r l` eprbd `l cer lk dxcqd z` jiyndl
ly meiw d`xiy dn ,r l` ribdl zaiig dxcqd ,dxcqd jxe` z` mqeg mxtqny

.u l` r-n lelqn

akxeny sxb `id iteqpi` sxbd eay dxwna lirly htynl dheyt zicbp dnbec
ynyiy) ccean znev cere ,· · · → • → • → • → . . . mipeeikd ipyl iteqpi` "jexy"n

.(r ciwtza

miyxet mivr 13.4

meiwe dxcbd 13.4.1

:(oeekn `l e` oeekn zeidl lekiy) G = (V,E) sxb xear 13.11 dxcbd

ea G′ = (V ′, E′) sxbd `ed V ′ ⊆ V miznv zveaw ici lr G lr dxyend sxbd •
.(E′ = {(u, v) ∈ E|u, v ∈ V ′}) V ′-a odizevw ipy xy` E zezyw z` dlikn E′
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V ′ xy`k G′ = (V ′, E′) `ed E′ ⊆ E zezyw zveaw ici lr G lr dxyend sxbd •
.(V ′ = (v ∈ V |∃u ∈ V : (u, v) ∈ E ∨ (v, u) ∈ E)) E′-n zezyw zerbep mda miznvd lk z` dlikn

sxb-zz ly cgein beq lr xacl mivex ep` j` ,illk ote`a zeiyeniy el` zexcbd
:dxyen

zz ici lr dxyend T = (V,E′) ur `ed G = (V,E) sxb ly yxet ur 13.12 dxcbd
.E′ ⊆ E dveaw

cr sxbdn zezyw mixiqn heyt) yxet ur miiw xiyw oeekn `l sxb lkl ik xexa
it lr ur `ed f`e ,xiyw izlal sxbd z` zkted zyw lk zxqd eay avnl miribny

:oeekn ur ly dxwnd xexa zegt .(13.2 htyn

.r yxey mr yxet ur yi r yxey mr oeekn sxb lkl 13.13 dprh

r-n xzeia xvwd lelqnd jxe` zeidl dist (v) z` xicbp v ∈ V znev lkl :dgked
.(yxey `ed r ik irah xtqn cinz df) v l`

siqep .r → · · · → u → v :eil` r-n dist (v) jxe`n lelqna opeazp ,v 6= r lkl
.u→ v zywd z` mipea ep`y url

xg` znev lk ly dqipkd zbxce 0 didz r ly dqipkd zbxc ef dipaa ik xexa
sxbdy ze`xdl xzep .(eil` zqpkpy zg` zyw weica sxbl mitiqen ik) 1 didz
-l qgia ilnipin znev v idie ,xiyw epi` `edy dlilya gipp .xiyw epipay dxyend
ilae ,r → · · · → u→ v lelqn lr `vnp v ixewnd sxba f` .r-n biyi epi`y dist (v)
sxbl eptqedy zywd dxgap ezervn`ay lelqnd edfy gipdl ozip zeillkd zlabd
dist (u) < dist (v) ,zrk .epipay dxyend sxba z`vnp u→ v zywdy o`kn .v xear
u-y dler v ly zeilnipindne (v l` liaeny xzeia xvwd lelqna v iptl `vnp u ik)

.biyi v mby raep jkn la` ,epipay dxyend sxbd zza r-n biyi

sedkxiw htyn - miyxet mivr zxitq 13.4.2

yxey mr G-l yi miyxet mivr dnk dl`yd zl`yp ,r zneve G oeekn sxb ozpida
dhppinxhc aeyig zervn`a df xtqn z`ivnl dhiy lr riavn sedwxiw htyn .r

.sxbl zn`zend zcgein dvixhn ly

,V = {v1, v2, . . . , vn} miznv lr miinvr mibeg `llG oeekn sxb ozpida 13.14 dxcbd
:`ad ote`a sxbd ly L o`iqltld zvixhn z` xicbp

din (vi) ,vi ly dqipkd zbxcl deey Lii
zezywd xtqn m`) vj l` vi-n G-a zezywd xtqn qepinl deey i 6= j xear Lij

.(Lij = −kij f` kij `ed

det (L) = 0 13.15 dprh

xtqnl deey Ljj-y oeeikn z`f .0 `ed dcenra mixai`d mekq ,j dcenr lkl :dgked
l` zeqpkpd zezywd xtqn qepin `ed Lij ,i 6= j lkl eli`e ,j-l zeqpkpd zezywd

.j-l qpkpd llekd zezywd xtqn qepin `ed
∑
i 6=j Lij okle ,i-n j

`id 0 `ed dcenr lk mekq day dvixhny `id zix`pil dxabl`n zxken d`vez
.0 `id dly dhppinxhcd okle ,0 invr jxr zlra

:zix`pil dxabl`n ztqep dxcbdl miwewf ep` sedwxiw htyn z` gqpl ick
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zwign ici lr L-n zlawznd dvixhnd `id L ly Lr xepind zvixhn 13.16 dxcbd
.mi-r-d dcenrde dxeyd

:htynd geqipl xearl ozip zrke

mivrd xtqn .L o`iqltl zvixhn mr oeekn sxb G `di (sedkxiw) 13.17 htyn
.det (Lr) weica `ed vr yxey mr G z` miyxetd

izy ly dltknk Lr z` aezkl mileki ep`y jk lr qqazp htynd zgked jxevl
miznvd xtqn z` n = |V |-a onqp G = (V,E) xear ,ziy`x .zeireaix `l zevixhn

.zezywd xtqn z` m = |E|-ae
dxey dni`zn dxey lky jk (n− 1) × m xcqn A,B zevixhn xicbp zrk

:mi`ad millkd it lr ,r znevl hxt G ly znevl dni`zn
.G-a vi znevl zqpkp ek zywd m` Aik = Bik = −1

.G-a vi znevdn z`vei ek zywd m` Aik = 1
.0 od zevixhnd izy ly zeqipkd x`y

-ny znevl dni`zny dxeyay jk ,sxba zyw bviin A,B ly dcenr lk ,xnelk
zqpkp dil`y znevl dni`zny dxeya ok enke ,B-a 0-e A-a 1 yi zywd z`vei dpn
yxeyd ly r znevl dni`zny dxeyd ik al miyp .zevixhnd izya −1 yi zywd

.zevixhna driten `l

.Lr = ABT 13.18 dprh

.Lii =
∑m
k=1AikB

T
ki =

∑m
k=1AkiBki =

∑
j:e=vj→vi (−1) ·(−1) = din (vi) :dgked

:i 6= j xear ok enk
xtqn qepin xnelk ,Lij =

∑m
k=1AikB

T
kj =

∑m
k=1AikBjk =

∑
e=vi→vj (−1)

.j l` i-n zeqpkpy zezywd

rexl .det (A ·B) = detAdetB htynd z` migiken zix`pil dxabl`a ,xekfk
-xnl ;zeireaix opi` eply A,B eli`e ,zeireaix zevixhn xear wx oekp htynd ,lfnd

.df htyn ly dllkd zniiw lfnd da

-y jk dn`zdam×n-e n×m mixcqn zevixhn A,B m` :(dpia-iyew) 13.19 htyn
,det (AB) =

∑
σ detAσ detBσ miiwzn f` ,n ≤ m mbe ,n×n xcqn dvixhn `id AB

z` bviin Aσ-e ,{1, . . . ,m} jezn miqwcpi` n ly zeveawd lk lr ux σ xy`k
el`l hxt zecenrd lk zwign ici lr A-n zlawzny n × n xcqn dvixhnd-zz

.zexey zwign xear dneca zxcben Bσ-e ,σ-a odly miqwcpi`dy

Bσ-e Aσ-l oky ,zizernyn dxeva sedkxiw htyn zgked z` epilr lwn htynd
dxgapy xg`l G-n xzepy dn z` zebviin od :dheyt zixehpianew zernyn yi
mixcqn od A,B-y al eniy .ur xevil zecnren ody zezyw ly σ dveaw-zz ea
m jezn (zezyw) zecenr n − 1 ly dxiga `ed σ okle (n− 1) ×m,m × (n− 1)

.zeixyt`d (zezyw) zecenrd
detLr =

∑
σ detAσ detBTσ = ik ze`xdl yi htynd zgked z` milydl ick

.vr `ed mdly yxeydy G ly miyxetd mivrd xtqn weica `ed
∑
σ detAσ detBσ

:mixac ipy d`xp jk jxevl
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`ed ely yxeydy yxet ur zexveiy zezyw n− 1 ly dxigal mi`zn σ m` .1
.(detAσ detBTσ = 1 okle) detAσ = detBσ = ±1 f` ,vr

detAσ = 0 f` ,yxet ur zexvei opi`y zezyw n−1 ly dxigal mi`zn σ m` .2
.detBσ = 0 e`

:zix`pil dxabl`n ze`ad ze`vezd izya `ed dgkedd ly ipkhd dal

dhppinxhcd oniq z` zkted dvixhn ly zecenr izy e` zexey izy ztlgd •
.hlgend dkxr z` dpyn `l j` dly

.oeqkl`d lry mixai`d zltkn `id dpezgz ziyleyn dvixhn ly dhppinxhcd •
ycgn xeciq ici lr dpezgz ziyleyn dvixhn ly dxevl Aσ, Bσ z` `iap ,ok m`

.zecenrde zexeyd ly
e1, e2, . . . -e miznv ly u1, u2, . . . dxcq dpap f` ,G-a T yxet ur dxicbn σ m`
yi xnelk ,milr ipy zegtl ea miniiw ,ur `ed T -y oeeikn :`ad ote`a zezyw ly
zrk .e1 didz sxbd x`yl u1 z` zxagny zywd .u1 didi df dlr .vr epi`y dlr ea
mdne vr epi` mdn cg`y milr ipy ea mby ,ycg ur lawpe ,urdn e1-e u1 z` wgnp
.mlrzp heyt epnne vr `ed sxba xzeeiy oexg`d znevd .d`ld oke u2, e2 z` dpap
dcenrd ,u1 znevd ly `id dpey`xd dxeydy jk Aσ, Bσ z` ycgn xcqp zrk

.d`ld oke u2 ly dipyd dxeyd ,e1 ly dpey`xd
ze`xdl mivex ep` .zevixhnd izyn zg` lka ui-l dni`zny dxeya opeazp
.zepezgz zeiyleyn eidi zevixhndy ick 0 deey ik-d dqipkdy miiwzn k > i lkly
ura (epnn z`vei e` zqpkp) ui znevl zxaegn ek zywdy xne` df uik 6= 0 m`
xqen ui xy`k la` .urdn xqed ui eay crvd ixg` wx urdn dxqed ef zywye ,T
`ly o`kne ,url ui z` dxaigy dpexg`d zywd dziid ei okle ,dlr `ed urdn
dqipkd okle ,ui-l zqpkpy zyw `id ei ,ok enk .eil` zxaegn dziid ek-y okzii
detAσ = detBσ = ±1 lawp ok`y o`kn .(B-a mbe A-a mb) −1 `id dvixhna ii-d

.df dxwna
m`zda ,detBσ = 0 e` detAσ = 0 ik d`xpe ,ur dxicbn dpi` σ ik zrk gipp

.yazydl milekiy mixacd ipyl
σ-y oeeikn ,df dxwna .G ly zizyzd sxba elit` ur dpi` σ-y okzii ,ziy`x
,zexiyw iaikx ipy σ-n dxyeny sxba yi gxkda ,zezyw n − 1 ly dveaw `id
zexiywd aikxa opeazp .ur `ed zezyw n − 1 mr xiyw oeekn `l sxb lk oky
.df zexiyw aikx ly miznvl mi`zny Aσ-a zexeyd sqe`ae ,`vnp epi` vr eay
zix`pil zeielz zexeyd ik giken df ;epniiq ,0 `ed el` zexey mekq ik d`xp m`
,dvixhna dcenr lkl oky qt` `ed mekqd .detAσ = 0-e zixlebpiq `id Aσ okle
miznvd ipyn cg` s` f` zexiywd aikxl zkiiy `l zbviin `idy zywd m`
didz dcenrd f`e ,epgwly zexeyd ly miznvd zveawl mikiiy `l dil` mixaegny
ipy f`e zexiywd aikxl zkiiy ok zywdy e` ;eply dveawa zexeyd lka 0-l deey
zywd z`vei epnny znevay oeeikne ,eply zexeyd zveawa eidi mixaegnd miznvd
.0 `ed mekqdy lawp aey −1 `ed jxrd zywd zqpkp eil`y znevae 1 `ed jxrd
eppi` df oeeknd sxba j` zizyzd sxba ur dxicbn σ eay dxwna lthl xzep
epiyry itk dvixhnd z` xcqp .detBσ = 0 ik d`xp df dxwna .vr eyxeyy ur
oeeikn df gxkda ,df dxwna ur dxicbn `l σ-y oeeikn .ur dxicbd ok σ eay dxwna
znevdn z`vei ei-y jk i yi xnelk ,oekp `ld oeeika zpeekny zegtl zg` zyw yiy
dhppinxhcdy lawpy o`kne ,0 didz ycgn zxceqnd dvixhna ii dqipkd okle ,vi

.dgkedd z` miiqn df .0 `id
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bipw ly seqpi`d znl 13.5

dnld xe`iz 13.5.1

.miiteqpi` mipeekn mitxb ly dpekza oecl zrk xearp

lkly jk r yxey mr iteqpi` oeekn sxb G `di (bipw ly seqpi`d znl) 13.20 htyn
.r-a ligzny iteqpi` lelqn G-a miiw f` .dout (v) <∞ ,v znev

eay "cetiw" sxb ,lynl) zebxcd zeiteq lr i`pzd zeigxkd z` ze`xl dyw `l
md ea milelqnd lk ik ,zicbp dnbec `ed `l eze mipky seqpi` mr cg` yxey
iteqpi` urd .r yxey mr yxet ur G-l miiw 13.13 dprh it lr :dgked .(1 jxe`n

.ziteq `id ea znev lk ly d`ivid zbxce
vi+1 f` dpap xak vi m` ,i lkle v0 = r :`ad iaihwecpi`d ote`a lelqn dpap
divwecpi`a zxnypy dpekzd .mi`v`v seqpi` ely vi ly eipan cg` zeidl xgaii
f` mi`v`v seqpi` vi-l m`e ,r xear miiwzny dn ,mi`v`v seqpi` yi vi-ly `id
.eipa i`v`v mekq `ed vi ly mi`v`vd xtqn ik mi`v`v seqpi` el mby oa el yi
-inrt xefgpy okzii `l ,lelqn xveiy ote`a yxetd urd jeza exgap vi-dy oeeikn

.yxcpk ,iteqpi` lelqndy o`kn .lbrn xebqi df oky vi eze`l mi

Wang itevix - yeniy znbec 13.5.2

zpneqn rlv lk aexl) mdylk mirava zereav eizerlvy reaix `ed Wang gix`

zervn`a xeyind ly sevix .(oeniqd lr lwdl ick rav mewna ze` e` xtqna
mpi` j` dfl df micenvd migix` ici lr xeyind lk ieqik eyexit Wang igix`
.rav eze` lra `ed mipey migix` ly zekenq zerlv bef lky jk ,df lr df miler

ly ziteq dveaw ozpida :ef `id Wang igix` ly ziq`lwd drxkdd zira
svxl ozip m`d ,ely miwzer seqpi` epl mipinf dveawa gix` lkny jk ,migix`

?el` migix` zervn`a `l e` xeyind z`
lkl raewd mzixebl` miiw `l ;zinzixebl` drixk dpi` ef dira ik gikedl ozip
lwdl xyt`ny oeixhixw epyi ,ipy cvn .`l e` xeyind z` ztvxn `id m`d dveaw

:miniieqn mixwna sevix miiwy dgkedd lr

A zervn`a xeyind ly sevix miiw A migix` zveaw ozpida (bp`ee) 13.21 htyn
.A zervn`a n× n reaix ly sevix miiw irah n lkl m` wxe m`

lceba reaix lr opeazp n lkl f` ,xeyind z` ztvxn A m` :lw cg` oeeik :dgked
ely sevix eplaiw okle iweg ote`a svexn didi envr `ed ;xeyina edylk n × n

.A zervn`a
A zervn`a miiweg mitevix eidi sxbd iznv :`ad ote`a sxb xicbp ,ipyd oeeika
seqpi` yi ,dgpdd it lr .(1, 3, 5, . . . ) ibef i` irah n lkl n × n lceba mireaix ly

.iteqpi` sxbd okle (n lkl cg` zegtl) el`ky mitevix
u m` wxe m` v znevd l` u znevdn zyw yi :`ad ote`a sxba zezyw xicbp
lawzn u-e ,2n+ 1 lceba reaix ly sevix `ed v ,2n− 1 lceba reaix ly sevix `ed

.xzeia zipevigd zrahd "seliw" ici lr v-n
.1 lceba sevix bviiny u znev lkl epnn zyw `ivepe r znev sxbl siqep ok enk
cr daky daky eze` "slwp" ,u ozpida :lawzdy sxbd ly yxey `ed r xexiaa

.r l` drbdl
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xtqn wx yi sevix lkl - ziteq `id sxba znev lk ly d`ivid zbxc ,sqepa
.eze` siwdl xyt` oday zerah ly iteq

lelqna miznvd .iteqpi` lelqn sxba miiw ik zrk raep bipw ly seqpi`d znln
encwy miznvd mr "mikqn" znev lk) xeyind ly agxzne jled sevix mibviin df
dxcq ly leabd xeza lawzn elek xeyind ly sevixe ,(etvex xaky zevaynd lr el
mewnn lgd dxcqd ixa` lka riten df reaixa gpeiy gix`d ,xeyina reaix lkl) ef

.(miieqn

rax ly sevix miiw m` wxe m` A zxfra xeyind ly sevix miiw 13.22 dpwqn
.A zxfra xeyind

olhw ixtqn 14
,zeax zeirah dxitq zeiraa driteny mixtqn zxcq ly xe`iza qxewd z` miiqp

.mivrl dxeywd zg` hxtae

dpini md mixzend micrvd xy`k (n, n) l` (0, 0)-n Z2-a yi milelqn dnk .1
?x = y iy`xd oeqkl`l zgzn l` ribn `l mrt s` lelqnde dlrnle

miixbeq zxcq) ?mixbeq n-e migzet n mr zeniiw zeiweg miixbeq zexcq dnk .2
miixbeq xzei oi` aly meya oinil l`nyn dze` mi`xewyk m` ziweg `id

.(deey mxtqn meiqae ,migzetn mixbeq

znev lkl ,`ln ix`pia ura) ?milr n + 1 mr yi mi`ln miix`pia mivr dnk .3
.(weica mipa ipy yi dlr epi`y

?miyleynl zerlv n+ 2 oa rlevn wlgl ozip mikxc dnka .4

.i-n-d olhw xtqn - Cn `ed elld zeirad rax` lkl oexztd

bixy ilelqn 14.1

.Cn-l zyxetn dgqep `evnl epl xyt`iy 1 oexzta gztp
dlrnle dpini micrv milleky (n, n) l` (0, 0)-n millekd bixyd ilelqn xtqn
,dlrnl dlrp mday micrvd n z` mixgea -

(
2n
n

)
`ed zexg` zelabn mdilr oi`e
.dpini mikled micrvd x`yae

milelqnd xtqn ik d`xp .x = y oeqkl`l zgzn cxeiy dfk `ed "rx" lelqn
.
(

2n
n−1
)
xnelk ,(n, n) l` (1,−1)-n llekd milelqnd xtqnk `ed mirxd

dlgzda oky y = x − 1 ipynd oeqkl`d z` edyizn yebtl aiig rx lelqn lk
.1-a zehpicx`ewd zg` z` mipyn crv lkae x = y miiwn lelqnd

swyp zrk .y = x−1 mr rxd lelqnd ly dpey`xd ybtnd zcewp z` p-a onqp
eyexit dfky sewiy) y = x− 1 oeqkl`l qgia p l` (0, 0) oiay rhwa lelqnd z`
jlede ,dpini jled ixewnd lelqnd day mrt lka dler ,(1,−1)-n ligzn lelqndy
lelqnd mb ik zilnxet ze`xl lw .(dler ixewnd lelqnd day mrt lka dpini

.libxd lelqnd jynd z` el xyxyl xyt` okle ,p l` ribn sweynd
ici lr dze` jetdl ozip oky ,zikxr cg cg `id epx`izy dn`zdd ik ze`xl lw
(n, n) l` (1,−1)-n lelqn lkl dkitd dn`zddy al miyp ok enk .xfeg sewiy revia
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oeqkl`l zgzn ligzn `ed ik) y = x − 1-a edyizn zrbl aiig dfky lelqn oky
.yweank lre r"gg dn`zd eplaiw okle ,(eilrn miiql jixve df

-y jkl al miyp iehiad z` hytl ick .Cn =
(
2n
n

)
−
(

2n
n−1
)
ik eplaiw(

2n

n− 1

)
=

(2n)!

(n− 1)! (n+ 1)!
=

(2n)!

n!n!
· n!

(n− 1)!
· n!

(n+ 1)!

=

(
2n

n

)
· n

n+ 1

:o`kne

Cn =

(
2n

n

)
−
(

2n

n− 1

)
=

(
2n

n

)(
1− n

n+ 1

)
=

1

n+ 1

(
2n

n

)

.Cn olhw xtqnl yxetn iehia edf

mipfe`n miixbeq 14.2

( - zeiweg miixbeq zexcqe bixy ilelqn oiay dxexad zeliwyl al miyp ziy`x
lr i`pzl lewy oeqkl`d lr i`pzde ,dpini crv oiivn ) ,dlrnl diilr crv oiivn

.ziweg miixbeq zxcq
ixtqnl iaiqxewx iehia gztl ick miixbeq zervn`a dbvdd jxca ynzyp zrk

.olhw
C0 = 1 :qiqa

Cn+1 =
∑n
i=0 CiCn−i :crv

dbvd zniiw w wix `l ofe`n miixbeq iehia lkl :d`ad dpga`dn zraep dgqepd
o`kn .miwix ile` ,mipfe`n miixbeq iiehia md x, y-y jk w = (x) y dxevdn dcigi
mini`znd x, y zebefd lk ly mxtqnk `ed miixbeq zebef n+1 mr mi-w-d xtqny

.miixbeq zebef n k"dqa mda yiy

miix`pia mivr 14.3

xzeid lkl `id znev lk ly d`ivid zbxc eay oeekn ur `ed ix`pia ur 14.1 dxcbd
.2

.2 e` 0 `id znev lk ly d`ivid zbxc eay ix`pia ur `ed `ln ix`pia ur

?miniiw (mipneqn `l) miznv n ilra miix`pia mivr dnk
:miix`pia mivr ly iaiqxewx xe`iza ynzydl gep o`k

(ziaiqxewx dxcbd ,miix`pia mivr) 14.2 dprh

.ix`pia ur `ed wixd sxbd •
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ur `ed T1, T2 l` zezywe r znevn sxb f` miix`pia mivr md T1, T2 m` •
zxg`e ,wix `l T m` T ly yxeyd l` zyw dyexit "T l` zyw") ix`pia

(zyw oi`

lirly iaiqxewxd xe`izdn .miznv n lr miix`piad mivrd xtqn z` Bn-a onqp
:d`ad ziaiqxewxd dgqepd zraep

B0 = 1
mipa xeza mivr ly zeixyt`d zexigad lr dnikq - Bn+1 =

∑n
i=0BiBn−i

.r ciwtza ynyn sqepd znevd ik n `ed mivrd ipya miznvd mekq ;r-l
.Bn = Cn epiidc ,olhw ixtqn ly dgqepl oihelgl ddf ef dgqep

`ed ixwird lcadd .mi`ln miix`pia mivra dnec ote`a lthl zrk xearp
inrhn .miznv `le ,milr n ilra mi`ln miix`piad mivrd xtqn z` mixteq epgp`y

.`ln ix`pia urk wixd sxbd z` aiygp `l zegep

(ziaiqxewx dxcbd ,mi`ln miix`pia mivr) 14.3 dprh

.`ln ix`pia ur `ed ccea znev lra sxb •

l` zezywe r znevn akxeny sxb f` mi`ln miix`pia mivr md T1, T2 m` •
.`ln ix`pia ur `ed T1, T2

`ed milrd xtqn T2-e T1 jezn dpapy ura .ccea dlr mb yi cg` znev lra ura
:d`ad dgqepl liaen df .T1, T2 ly milrd ixtqn mekq

D1 = 1
likdl leki epi` ur zrk la` ,zncewd dgqepl dnec - Dn+1 =

∑n
i=1DiDn+1−i

.milr 0
Dn+1 =

∑n−1
j=0 Dj+1Dn−j :lawp f` ,j = i− 1 :dpzyn ztlgd rvap

mi`lnd miix`piad mivrd xtqn ,xnelk .Dn = Bn−1 = Cn−1 miiwzny o`kn
.n-d olhw xtqn weica `ed milr n+ 1 ilra
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